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Efficient error mitigation techniques demanding minimal resources is key to quantum information
processing. We propose a protocol to mitigate quantum errors using detection-based quantum
autoencoders. In our protocol, the quantum data is compressed into a latent subspace while leaving
errors outside, the latter of which is then removed by a measurement. Compared to previously
developed neural-network-based autoencoders, our protocol on one hand does not require extra
qubits for data compression, and on the other hand can be more powerful as demonstrated in certain
examples. Our detection-based quantum autoencoders are therefore particularly useful for near-term
quantum devices in which controllable qubits are limited while noise reduction is important.
Introduction. Mitigating errors is key to quantum in-
formation processing. Among many techniques devel-
oped for this purpose, the concept of subspace is ubiq-
uitous. In quantum error correction [1], certain stabiliz-
ers define a subspace where the quantum states are ver-
ified: corrupted states, detected by syndrome measure-
ments as outside of the subspace, is corrected by recovery
operations. Alternatively, quantum computation can be
conducted in decoherence-free subspaces [2–5], which are
chosen to decouple completely from certain environmen-
tal noises and thereby protecting the desired operations.
It is expected that in the noisy intermediate-scale
quantum (NISQ) era [6], quantum algorithms [7–11] can
be successfully run on about 50 to 100 qubits. Never-
theless, quantum error correction on the algorithms at
this scale requires a much larger number of controllable
qubits, posing a technological challenge. On the other
hand, decoherence-free subspaces only exist for selective
sources of error and its power in mitigating noises is lim-
ited. This signifies the need of a method to reduce differ-
ent types of errors within a limited number of controllable
qubits.
In classical data processing, data compression plays a
central role in noise reduction. In principle component
analysis [12], only the first few principle components of
the data with the greatest signal-to-noise ratio are kept.
Another example is an autoencoder [13, 14], a deep neural
network with bottleneck layers in its center. Data fed to
the network are processed by the bottleneck layers with
substantially smaller numbers of neurons, before it is re-
covered by the remaining layers to the original size. In
both cases, error mitigation is achieved by first compress-
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ing the data into a subspace while keeping most errors
outside, and then recovering the data from the subspace.
These progresses have inspired applications of data
compression to quantum information processing. A
quantum autoencoder to compress data involving quan-
tum states has been developed in [15]. Its key ingredient
is the support subspace of a set of density matrices R,
defined as the vector space spanned by the eigenvectors
with non-zero eigenvalues for all the density matrices in
R, that is typically smaller than the full Hilbert space.
This quantum data compression is sometimes quite effi-
cient, as has been demonstrated experimentally in circuit
QED [16] and linear optics [17]. Despite these exciting
progresses, it remains unclear how to denoise using quan-
tum data compression.
Very recently, Bondarenko and Feldmann have con-
structed neural-network-based quantum autoencoders to
denoise quantum data such as GHZ-like states [18]. It
has been shown that different kinds of noises can be sat-
isfactorily suppressed without fine tuning of the hyper-
parameters of the neural network. Nevertheless, during
the feed-forward process, the dimensionality of the input
data must first be substantially increased through entan-
gling with additional qubits before they are fed to the
bottleneck layer for compression. This demand of addi-
tional resources could pose a serious technological chal-
lenge in the NISQ era we are in or possibly evolving into.
It would then be interesting to explore the possibilities
to denoise based on quantum data compression that do
not require additional qubits.
In this Letter, by introducing a measurement detect-
ing all errors outside of the support subspace, we de-
velop a detection-based quantum error mitigation proto-
col. One of its major differences from error correction
and the neural-networ-based autoencoder [18] is that no
extra qubits are required. On top of that, it can be more
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2powerful in mitigating noise for many cases. For global
depolarization noise, our method reduces the infidelities
exponentially with the number of qubits being measured
during the compression. In certain extreme cases, errors
can be fully removed by our detection-based protocol,
while no improvement is offered by the method presented
in [18]. The validity of our scheme is examined with W
class states and others with local and global depolariza-
tion noises. For 4-qubit W class states, we find that
a two-stage compression method is more effective, where
the input data is first compressed into a 3-qubit subspace
and then a 2-qubit subspace. We believe that this com-
pression method can be straightforwardly generalized to
treat more complicated problems.
Quantum autoencoder. Our discussion follows the idea
of the quantum autoencoder proposed in [15] that does
not require extra qubits in the compression: when a
given set of quantum data share certain underlying struc-
ture, one may find a single unitary capable to “com-
press” the data from the full Hilbert space into a sub-
space. More precisely, we consider a set of quantum
states (represented by density matrices) R = {ρ1, ρ2 · · · }
in the Hilbert space H. The underlying structure shared
is manifested as the support, S, of the set of states R,
with dimS < dimH. We then define two subspaces
of H: the latent subspace L and the junk subspace J ,
where H = L ⊕ J . The latent subspace L is spanned
by orthogonal bases {|L1〉, |L2〉, · · · , |LdimL〉}, while the
junk subspace J is spanned by the orthogonal bases
{|J1〉, |J2〉, · · · , |JdimJ 〉}. The key to a quantum encoder
is to find an encoding unitary Ue, such that for all ρ ∈ R,
σ ≡ UeρU†e =
dimL∑
i=1
pi|ψi〉〈ψi|, (1)
where |ψi〉 ∈ L (cf. [19] for more details).
Optimization. When the form of S is known, it would
be straightforward to determine Ue. However, S is un-
known in most practical situations, and the quantum au-
toencoder should be obtained by optimization. Namely,
one trains a programmable unitary such that projection
of data (but not noises) into J is minimized. Specif-
ically, we define measurements {ML,MJ} correspond-
ing to the projection into the latent subspace or junk
subspace respectively: ML =
∑dimL
i=1 |Li〉〈Li|, MJ =∑dimJ
i=1 |Ji〉〈Ji|. A programmable unitary U(θ) with a
set of tunable parameters θ is constructed, and applied
to the input data ρin, giving σ(θ) ≡ U(θ)ρinU(θ)†. σ(θ)
is expected to be fully in the latent subspace, so mea-
surements of it in the junk subspace should give zero.
We then define the cost function as
C(θ) = tr [MJσ(θ)] . (2)
Minimizing C(θ) with respect to parameters θ gives
an approximated quantum autoencoder, U˜e(θ). In this
work, we use the gradient descent method. In each it-
Error detection
Ue
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<latexit sha1_base64="tEIqENSsP1e1dEqvvuLnu+LDbZs=">AAAB8nicbVDLSsNAFL2pr1pfVZd uBovgqiQi6LLopssK9gFtKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2m97nffeLaiFg94izhfkT HSoSCUbRSfxBRnDAqs+Z8WK25dXcBsk68gtSgQGtY/RqMYpZGXCGT1Ji+5yboZ1SjYJLPK4PU8ISyKR3zvqWKRtz42SLynFxYZUTCWNunkCzU3xsZjYyZRYGdzCOaVS8X//P6KYa3fiZUkiJXbPlRmEqCMcnv JyOhOUM5s4QyLWxWwiZUU4a2pYotwVs9eZ10ruqeW/cermuNu6KOMpzBOVyCBzfQgCa0oA0MYniGV3hz0Hlx3p2P5WjJKXZO4Q+czx968ZFe</latexit><latexit sha1_base64="tEIqENSsP1e1dEqvvuLnu+LDbZs=">AAAB8nicbVDLSsNAFL2pr1pfVZd uBovgqiQi6LLopssK9gFtKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2m97nffeLaiFg94izhfkT HSoSCUbRSfxBRnDAqs+Z8WK25dXcBsk68gtSgQGtY/RqMYpZGXCGT1Ji+5yboZ1SjYJLPK4PU8ISyKR3zvqWKRtz42SLynFxYZUTCWNunkCzU3xsZjYyZRYGdzCOaVS8X//P6KYa3fiZUkiJXbPlRmEqCMcnv JyOhOUM5s4QyLWxWwiZUU4a2pYotwVs9eZ10ruqeW/cermuNu6KOMpzBOVyCBzfQgCa0oA0MYniGV3hz0Hlx3p2P5WjJKXZO4Q+czx968ZFe</latexit><latexit sha1_base64="tEIqENSsP1e1dEqvvuLnu+LDbZs=">AAAB8nicbVDLSsNAFL2pr1pfVZd uBovgqiQi6LLopssK9gFtKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2m97nffeLaiFg94izhfkT HSoSCUbRSfxBRnDAqs+Z8WK25dXcBsk68gtSgQGtY/RqMYpZGXCGT1Ji+5yboZ1SjYJLPK4PU8ISyKR3zvqWKRtz42SLynFxYZUTCWNunkCzU3xsZjYyZRYGdzCOaVS8X//P6KYa3fiZUkiJXbPlRmEqCMcnv JyOhOUM5s4QyLWxWwiZUU4a2pYotwVs9eZ10ruqeW/cermuNu6KOMpzBOVyCBzfQgCa0oA0MYniGV3hz0Hlx3p2P5WjJKXZO4Q+czx968ZFe</latexit><latexit sha1_base64="tEIqENSsP1e1dEqvvuLnu+LDbZs=">AAAB8nicbVDLSsNAFL2pr1pfVZd uBovgqiQi6LLopssK9gFtKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2m97nffeLaiFg94izhfkT HSoSCUbRSfxBRnDAqs+Z8WK25dXcBsk68gtSgQGtY/RqMYpZGXCGT1Ji+5yboZ1SjYJLPK4PU8ISyKR3zvqWKRtz42SLynFxYZUTCWNunkCzU3xsZjYyZRYGdzCOaVS8X//P6KYa3fiZUkiJXbPlRmEqCMcnv JyOhOUM5s4QyLWxWwiZUU4a2pYotwVs9eZ10ruqeW/cermuNu6KOMpzBOVyCBzfQgCa0oA0MYniGV3hz0Hlx3p2P5WjJKXZO4Q+czx968ZFe</latexit>
E(⇢)
<latexit sha1_base64="b+fNKbrlYeF+dQ+7CzVarW8HsMU=">AAAB+nicbVDLSsNAFL3xWesr1aW bYBHqpiQi6LIogssK9gFNKJPppB06mQkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOmDCqtOt+Wyura+sbm6Wt8vbO7t6+XTloK5FKTFpYMCG7IVKEUU5ammpGuokkKA4Z6YTj69zvPBCpqOD3epKQIEZ DTiOKkTZS3674MdIjjFh2M635ciRO+3bVrbszOMvEK0gVCjT79pc/EDiNCdeYIaV6npvoIENSU8zItOyniiQIj9GQ9AzlKCYqyGbRp86JUQZOJKR5XDsz9fdGhmKlJnFoJvOgatHLxf+8XqqjyyCjPEk14Xh+ KEqZo4WT9+AMqCRYs4khCEtqsjp4hCTC2rRVNiV4i19eJu2zuufWvbvzauOqqKMER3AMNfDgAhpwC01oAYZHeIZXeLOerBfr3fqYj65Yxc4h/IH1+QPk1pO+</latexit><latexit sha1_base64="b+fNKbrlYeF+dQ+7CzVarW8HsMU=">AAAB+nicbVDLSsNAFL3xWesr1aW bYBHqpiQi6LIogssK9gFNKJPppB06mQkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOmDCqtOt+Wyura+sbm6Wt8vbO7t6+XTloK5FKTFpYMCG7IVKEUU5ammpGuokkKA4Z6YTj69zvPBCpqOD3epKQIEZ DTiOKkTZS3674MdIjjFh2M635ciRO+3bVrbszOMvEK0gVCjT79pc/EDiNCdeYIaV6npvoIENSU8zItOyniiQIj9GQ9AzlKCYqyGbRp86JUQZOJKR5XDsz9fdGhmKlJnFoJvOgatHLxf+8XqqjyyCjPEk14Xh+ KEqZo4WT9+AMqCRYs4khCEtqsjp4hCTC2rRVNiV4i19eJu2zuufWvbvzauOqqKMER3AMNfDgAhpwC01oAYZHeIZXeLOerBfr3fqYj65Yxc4h/IH1+QPk1pO+</latexit><latexit sha1_base64="b+fNKbrlYeF+dQ+7CzVarW8HsMU=">AAAB+nicbVDLSsNAFL3xWesr1aW bYBHqpiQi6LIogssK9gFNKJPppB06mQkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOmDCqtOt+Wyura+sbm6Wt8vbO7t6+XTloK5FKTFpYMCG7IVKEUU5ammpGuokkKA4Z6YTj69zvPBCpqOD3epKQIEZ DTiOKkTZS3674MdIjjFh2M635ciRO+3bVrbszOMvEK0gVCjT79pc/EDiNCdeYIaV6npvoIENSU8zItOyniiQIj9GQ9AzlKCYqyGbRp86JUQZOJKR5XDsz9fdGhmKlJnFoJvOgatHLxf+8XqqjyyCjPEk14Xh+ KEqZo4WT9+AMqCRYs4khCEtqsjp4hCTC2rRVNiV4i19eJu2zuufWvbvzauOqqKMER3AMNfDgAhpwC01oAYZHeIZXeLOerBfr3fqYj65Yxc4h/IH1+QPk1pO+</latexit><latexit sha1_base64="b+fNKbrlYeF+dQ+7CzVarW8HsMU=">AAAB+nicbVDLSsNAFL3xWesr1aW bYBHqpiQi6LIogssK9gFNKJPppB06mQkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOmDCqtOt+Wyura+sbm6Wt8vbO7t6+XTloK5FKTFpYMCG7IVKEUU5ammpGuokkKA4Z6YTj69zvPBCpqOD3epKQIEZ DTiOKkTZS3674MdIjjFh2M635ciRO+3bVrbszOMvEK0gVCjT79pc/EDiNCdeYIaV6npvoIENSU8zItOyniiQIj9GQ9AzlKCYqyGbRp86JUQZOJKR5XDsz9fdGhmKlJnFoJvOgatHLxf+8XqqjyyCjPEk14Xh+ KEqZo4WT9+AMqCRYs4khCEtqsjp4hCTC2rRVNiV4i19eJu2zuufWvbvzauOqqKMER3AMNfDgAhpwC01oAYZHeIZXeLOerBfr3fqYj65Yxc4h/IH1+QPk1pO+</latexit>
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Ue
<latexit sha1_base64="x2/jrjZFlZ7m/mDrFXHY8sYlx0Q=">AAAB8XicbVBNS 8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cKphXbUDbbSbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TJJpDj5PZKLvQ2 ZACgU+CpRwn2pgcSihHY6up377EbQRibrDcQpBzAZKRIIztNKD3+siPGEOk1615tbdGegy8QpSIwWavepXt5/wLAaFXDJjOp6bYpAzjYJLmFS6mYGU8REbQMdSxWIwQT6 7eEJPrNKnUaJtKaQz9fdEzmJjxnFoO2OGQ7PoTcX/vE6G0WWQC5VmCIrPF0WZpJjQ6fu0LzRwlGNLGNfC3kr5kGnG0YZUsSF4iy8vk9ZZ3XPr3u15rXFVxFEmR+SYnBKPX JAGuSFN4hNOFHkmr+TNMc6L8+58zFtLTjFzSP7A+fwB6peREA==</latexit><latexit sha1_base64="x2/jrjZFlZ7m/mDrFXHY8sYlx0Q=">AAAB8XicbVBNS 8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cKphXbUDbbSbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TJJpDj5PZKLvQ2 ZACgU+CpRwn2pgcSihHY6up377EbQRibrDcQpBzAZKRIIztNKD3+siPGEOk1615tbdGegy8QpSIwWavepXt5/wLAaFXDJjOp6bYpAzjYJLmFS6mYGU8REbQMdSxWIwQT6 7eEJPrNKnUaJtKaQz9fdEzmJjxnFoO2OGQ7PoTcX/vE6G0WWQC5VmCIrPF0WZpJjQ6fu0LzRwlGNLGNfC3kr5kGnG0YZUsSF4iy8vk9ZZ3XPr3u15rXFVxFEmR+SYnBKPX JAGuSFN4hNOFHkmr+TNMc6L8+58zFtLTjFzSP7A+fwB6peREA==</latexit><latexit sha1_base64="x2/jrjZFlZ7m/mDrFXHY8sYlx0Q=">AAAB8XicbVBNS 8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cKphXbUDbbSbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TJJpDj5PZKLvQ2 ZACgU+CpRwn2pgcSihHY6up377EbQRibrDcQpBzAZKRIIztNKD3+siPGEOk1615tbdGegy8QpSIwWavepXt5/wLAaFXDJjOp6bYpAzjYJLmFS6mYGU8REbQMdSxWIwQT6 7eEJPrNKnUaJtKaQz9fdEzmJjxnFoO2OGQ7PoTcX/vE6G0WWQC5VmCIrPF0WZpJjQ6fu0LzRwlGNLGNfC3kr5kGnG0YZUsSF4iy8vk9ZZ3XPr3u15rXFVxFEmR+SYnBKPX JAGuSFN4hNOFHkmr+TNMc6L8+58zFtLTjFzSP7A+fwB6peREA==</latexit><latexit sha1_base64="x2/jrjZFlZ7m/mDrFXHY8sYlx0Q=">AAAB8XicbVBNS 8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cKphXbUDbbSbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TJJpDj5PZKLvQ2 ZACgU+CpRwn2pgcSihHY6up377EbQRibrDcQpBzAZKRIIztNKD3+siPGEOk1615tbdGegy8QpSIwWavepXt5/wLAaFXDJjOp6bYpAzjYJLmFS6mYGU8REbQMdSxWIwQT6 7eEJPrNKnUaJtKaQz9fdEzmJjxnFoO2OGQ7PoTcX/vE6G0WWQC5VmCIrPF0WZpJjQ6fu0LzRwlGNLGNfC3kr5kGnG0YZUsSF4iy8vk9ZZ3XPr3u15rXFVxFEmR+SYnBKPX JAGuSFN4hNOFHkmr+TNMc6L8+58zFtLTjFzSP7A+fwB6peREA==</latexit>
U †e<latexit sha1_base64="ZuMiSOeAd9NNvB/Ild5KiQE3hsw=">AAAB+nicbVBNS8NAEN3Ur1q/Wj16CRbBU0lE0GPRi8cKpi00NWw2k3bp5oPdiVpif4oXD4p49Zd489+4bXPQ1gcDj/dmmJnnp 4IrtKxvo7Syura+Ud6sbG3v7O5Va/ttlWSSgcMSkciuTxUIHoODHAV0Uwk08gV0/NHV1O/cg1Q8iW9xnEI/ooOYh5xR1JJXrTmei/CIOUzucjegg4lXrVsNawZzmdgFqZMCLa/65QYJyyKIkQmqVM+2UuznVCJnAiYVN1OQUjaiA+hpGtMIVD+fnT4xj7USmGEidcVoztTfEzmNlBpHvu6MKA7VojcV//N6GYYX/ZzHaYYQs/miMBMmJuY0BzPgEhiKsSaUSa5vNdmQSspQp1XRIdiLLy+T9mnDthr2z Vm9eVnEUSaH5IicEJuckya5Ji3iEEYeyDN5JW/Gk/FivBsf89aSUcwckD8wPn8A4/6UZQ==</latexit><latexit sha1_base64="ZuMiSOeAd9NNvB/Ild5KiQE3hsw=">AAAB+nicbVBNS8NAEN3Ur1q/Wj16CRbBU0lE0GPRi8cKpi00NWw2k3bp5oPdiVpif4oXD4p49Zd489+4bXPQ1gcDj/dmmJnnp 4IrtKxvo7Syura+Ud6sbG3v7O5Va/ttlWSSgcMSkciuTxUIHoODHAV0Uwk08gV0/NHV1O/cg1Q8iW9xnEI/ooOYh5xR1JJXrTmei/CIOUzucjegg4lXrVsNawZzmdgFqZMCLa/65QYJyyKIkQmqVM+2UuznVCJnAiYVN1OQUjaiA+hpGtMIVD+fnT4xj7USmGEidcVoztTfEzmNlBpHvu6MKA7VojcV//N6GYYX/ZzHaYYQs/miMBMmJuY0BzPgEhiKsSaUSa5vNdmQSspQp1XRIdiLLy+T9mnDthr2z Vm9eVnEUSaH5IicEJuckya5Ji3iEEYeyDN5JW/Gk/FivBsf89aSUcwckD8wPn8A4/6UZQ==</latexit><latexit sha1_base64="ZuMiSOeAd9NNvB/Ild5KiQE3hsw=">AAAB+nicbVBNS8NAEN3Ur1q/Wj16CRbBU0lE0GPRi8cKpi00NWw2k3bp5oPdiVpif4oXD4p49Zd489+4bXPQ1gcDj/dmmJnnp 4IrtKxvo7Syura+Ud6sbG3v7O5Va/ttlWSSgcMSkciuTxUIHoODHAV0Uwk08gV0/NHV1O/cg1Q8iW9xnEI/ooOYh5xR1JJXrTmei/CIOUzucjegg4lXrVsNawZzmdgFqZMCLa/65QYJyyKIkQmqVM+2UuznVCJnAiYVN1OQUjaiA+hpGtMIVD+fnT4xj7USmGEidcVoztTfEzmNlBpHvu6MKA7VojcV//N6GYYX/ZzHaYYQs/miMBMmJuY0BzPgEhiKsSaUSa5vNdmQSspQp1XRIdiLLy+T9mnDthr2z Vm9eVnEUSaH5IicEJuckya5Ji3iEEYeyDN5JW/Gk/FivBsf89aSUcwckD8wPn8A4/6UZQ==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvScul LQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4 BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="H3SDUd2pQq99X3bODcHrt0TpqrY=">AAAB73icbZBLS8NAFIVv6qvWqq1bN8EiuCqJG10KblxWMG2hjWEyvWmHTh7M3Kgl9qe4caGI/8ad/8bpY6GtBwY+zpnh3jlhJ oUmx/m2ShubW9s75d3KXnX/4LBWr7Z1miuOHk9lqroh0yhFgh4JktjNFLI4lNgJx9ezvPOASos0uaNJhn7MhomIBGdkrKBW94I+4RMVOL0v+gM2nAa1htN05rLXwV1CA5ZqBbWv/iDleYwJccm07rlORn7BFAkucVrp5xozxsdsiD2DCYtR+8V89al9apyBHaXKnITsufv7RcFirSdxaG7GjEZ6NZuZ/2W9nKJLvxBJlhMmfDEoyqVNqT3rwR4IhZzkxADjSphdbT5iinEybVVMCe7ql9ehfd50naZ76 0AZjuEEzsCFC7iCG2iBBxwe4QXe4N16tl6tj0VdJWvZ2xH8kfX5A4ERkwA=</latexit><latexit sha1_base64="H3SDUd2pQq99X3bODcHrt0TpqrY=">AAAB73icbZBLS8NAFIVv6qvWqq1bN8EiuCqJG10KblxWMG2hjWEyvWmHTh7M3Kgl9qe4caGI/8ad/8bpY6GtBwY+zpnh3jlhJ oUmx/m2ShubW9s75d3KXnX/4LBWr7Z1miuOHk9lqroh0yhFgh4JktjNFLI4lNgJx9ezvPOASos0uaNJhn7MhomIBGdkrKBW94I+4RMVOL0v+gM2nAa1htN05rLXwV1CA5ZqBbWv/iDleYwJccm07rlORn7BFAkucVrp5xozxsdsiD2DCYtR+8V89al9apyBHaXKnITsufv7RcFirSdxaG7GjEZ6NZuZ/2W9nKJLvxBJlhMmfDEoyqVNqT3rwR4IhZzkxADjSphdbT5iinEybVVMCe7ql9ehfd50naZ76 0AZjuEEzsCFC7iCG2iBBxwe4QXe4N16tl6tj0VdJWvZ2xH8kfX5A4ERkwA=</latexit><latexit sha1_base64="Iuk93xUgDTCIR9MLAdR9wYZty5U=">AAAB+nicbVC7TsNAEDzzDOHlQEljESFRRTYNlBE0lEHCSaTEWOfLOjnl/NDdGoiMP4WGAoRo+RI6/oZL4gISRlppNLOr3Z0gF VyhbX8bK6tr6xubla3q9s7u3r5ZO2irJJMMXJaIRHYDqkDwGFzkKKCbSqBRIKATjK+mfucepOJJfIuTFLyIDmMeckZRS75Zc/0+wiPmUNzl/QEdFr5Ztxv2DNYycUpSJyVavvnVHyQsiyBGJqhSPcdO0cupRM4EFNV+piClbEyH0NM0phEoL5+dXlgnWhlYYSJ1xWjN1N8TOY2UmkSB7owojtSiNxX/83oZhhdezuM0Q4jZfFGYCQsTa5qDNeASGIqJJpRJrm+12IhKylCnVdUhOIsvL5P2WcOxG86NX W9elnFUyBE5JqfEIeekSa5Ji7iEkQfyTF7Jm/FkvBjvxse8dcUoZw7JHxifP+K+lGE=</latexit><latexit sha1_base64="ZuMiSOeAd9NNvB/Ild5KiQE3hsw=">AAAB+nicbVBNS8NAEN3Ur1q/Wj16CRbBU0lE0GPRi8cKpi00NWw2k3bp5oPdiVpif4oXD4p49Zd489+4bXPQ1gcDj/dmmJnnp 4IrtKxvo7Syura+Ud6sbG3v7O5Va/ttlWSSgcMSkciuTxUIHoODHAV0Uwk08gV0/NHV1O/cg1Q8iW9xnEI/ooOYh5xR1JJXrTmei/CIOUzucjegg4lXrVsNawZzmdgFqZMCLa/65QYJyyKIkQmqVM+2UuznVCJnAiYVN1OQUjaiA+hpGtMIVD+fnT4xj7USmGEidcVoztTfEzmNlBpHvu6MKA7VojcV//N6GYYX/ZzHaYYQs/miMBMmJuY0BzPgEhiKsSaUSa5vNdmQSspQp1XRIdiLLy+T9mnDthr2z Vm9eVnEUSaH5IicEJuckya5Ji3iEEYeyDN5JW/Gk/FivBsf89aSUcwckD8wPn8A4/6UZQ==</latexit><latexit sha1_base64="ZuMiSOeAd9NNvB/Ild5KiQE3hsw=">AAAB+nicbVBNS8NAEN3Ur1q/Wj16CRbBU0lE0GPRi8cKpi00NWw2k3bp5oPdiVpif4oXD4p49Zd489+4bXPQ1gcDj/dmmJnnp 4IrtKxvo7Syura+Ud6sbG3v7O5Va/ttlWSSgcMSkciuTxUIHoODHAV0Uwk08gV0/NHV1O/cg1Q8iW9xnEI/ooOYh5xR1JJXrTmei/CIOUzucjegg4lXrVsNawZzmdgFqZMCLa/65QYJyyKIkQmqVM+2UuznVCJnAiYVN1OQUjaiA+hpGtMIVD+fnT4xj7USmGEidcVoztTfEzmNlBpHvu6MKA7VojcV//N6GYYX/ZzHaYYQs/miMBMmJuY0BzPgEhiKsSaUSa5vNdmQSspQp1XRIdiLLy+T9mnDthr2z Vm9eVnEUSaH5IicEJuckya5Ji3iEEYeyDN5JW/Gk/FivBsf89aSUcwckD8wPn8A4/6UZQ==</latexit><latexit sha1_base64="ZuMiSOeAd9NNvB/Ild5KiQE3hsw=">AAAB+nicbVBNS8NAEN3Ur1q/Wj16CRbBU0lE0GPRi8cKpi00NWw2k3bp5oPdiVpif4oXD4p49Zd489+4bXPQ1gcDj/dmmJnnp 4IrtKxvo7Syura+Ud6sbG3v7O5Va/ttlWSSgcMSkciuTxUIHoODHAV0Uwk08gV0/NHV1O/cg1Q8iW9xnEI/ooOYh5xR1JJXrTmei/CIOUzucjegg4lXrVsNawZzmdgFqZMCLa/65QYJyyKIkQmqVM+2UuznVCJnAiYVN1OQUjaiA+hpGtMIVD+fnT4xj7USmGEidcVoztTfEzmNlBpHvu6MKA7VojcV//N6GYYX/ZzHaYYQs/miMBMmJuY0BzPgEhiKsSaUSa5vNdmQSspQp1XRIdiLLy+T9mnDthr2z Vm9eVnEUSaH5IicEJuckya5Ji3iEEYeyDN5JW/Gk/FivBsf89aSUcwckD8wPn8A4/6UZQ==</latexit><latexit sha1_base64="ZuMiSOeAd9NNvB/Ild5KiQE3hsw=">AAAB+nicbVBNS8NAEN3Ur1q/Wj16CRbBU0lE0GPRi8cKpi00NWw2k3bp5oPdiVpif4oXD4p49Zd489+4bXPQ1gcDj/dmmJnnp 4IrtKxvo7Syura+Ud6sbG3v7O5Va/ttlWSSgcMSkciuTxUIHoODHAV0Uwk08gV0/NHV1O/cg1Q8iW9xnEI/ooOYh5xR1JJXrTmei/CIOUzucjegg4lXrVsNawZzmdgFqZMCLa/65QYJyyKIkQmqVM+2UuznVCJnAiYVN1OQUjaiA+hpGtMIVD+fnT4xj7USmGEidcVoztTfEzmNlBpHvu6MKA7VojcV//N6GYYX/ZzHaYYQs/miMBMmJuY0BzPgEhiKsSaUSa5vNdmQSspQp1XRIdiLLy+T9mnDthr2z Vm9eVnEUSaH5IicEJuckya5Ji3iEEYeyDN5JW/Gk/FivBsf89aSUcwckD8wPn8A4/6UZQ==</latexit><latexit sha1_base64="ZuMiSOeAd9NNvB/Ild5KiQE3hsw=">AAAB+nicbVBNS8NAEN3Ur1q/Wj16CRbBU0lE0GPRi8cKpi00NWw2k3bp5oPdiVpif4oXD4p49Zd489+4bXPQ1gcDj/dmmJnnp 4IrtKxvo7Syura+Ud6sbG3v7O5Va/ttlWSSgcMSkciuTxUIHoODHAV0Uwk08gV0/NHV1O/cg1Q8iW9xnEI/ooOYh5xR1JJXrTmei/CIOUzucjegg4lXrVsNawZzmdgFqZMCLa/65QYJyyKIkQmqVM+2UuznVCJnAiYVN1OQUjaiA+hpGtMIVD+fnT4xj7USmGEidcVoztTfEzmNlBpHvu6MKA7VojcV//N6GYYX/ZzHaYYQs/miMBMmJuY0BzPgEhiKsSaUSa5vNdmQSspQp1XRIdiLLy+T9mnDthr2z Vm9eVnEUSaH5IicEJuckya5Ji3iEEYeyDN5JW/Gk/FivBsf89aSUcwckD8wPn8A4/6UZQ==</latexit><latexit sha1_base64="ZuMiSOeAd9NNvB/Ild5KiQE3hsw=">AAAB+nicbVBNS8NAEN3Ur1q/Wj16CRbBU0lE0GPRi8cKpi00NWw2k3bp5oPdiVpif4oXD4p49Zd489+4bXPQ1gcDj/dmmJnnp 4IrtKxvo7Syura+Ud6sbG3v7O5Va/ttlWSSgcMSkciuTxUIHoODHAV0Uwk08gV0/NHV1O/cg1Q8iW9xnEI/ooOYh5xR1JJXrTmei/CIOUzucjegg4lXrVsNawZzmdgFqZMCLa/65QYJyyKIkQmqVM+2UuznVCJnAiYVN1OQUjaiA+hpGtMIVD+fnT4xj7USmGEidcVoztTfEzmNlBpHvu6MKA7VojcV//N6GYYX/ZzHaYYQs/miMBMmJuY0BzPgEhiKsSaUSa5vNdmQSspQp1XRIdiLLy+T9mnDthr2z Vm9eVnEUSaH5IicEJuckya5Ji3iEEYeyDN5JW/Gk/FivBsf89aSUcwckD8wPn8A4/6UZQ==</latexit>E(⇢)
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FIG. 1: (a) Sketch of the error detection and mitigation pro-
cess. The large oval indicates the full Hilbert space H, the
green ellipse inside represents the latent subspace L, while
the remainder is the junk subspace J . The noise effect is
described by a quantum channel E(·) as shown in Eq. (3).
We use dots to represent the error-free term (1 − ε)ρ, and
crosses the error term ερerr. Ue transfers the error-free term
to L, while most of the errors remain in J . A measurement
projects the state to the latent subspace, which detects and
removes the errors in J . Finally, U†e is applied to recover the
quantum data with error mitigated. (b) The detection-based
quantum autoencoder in the circuit form.
eration, the parameters are updated according to θ ←
θ − γ∇C(θ), where γ is the step size, and ∇C(θ) the
gradient of the cost function.
Error mitigation. For noisy quantum data, the com-
pressed state may leak out of the latent subspace, which
actually provides a way for error detection. In the follow-
ing, we use ρ and σ to represent the uncompressed and
compressed quantum states, and a tilde indicates a noisy
quantum state while a prime indicates that the error has
been mitigated.
An ideal quantum state ρ ∈ R deteriorated by noises
can be generally expressed as
ρ˜ = E(ρ) = (1− ε)ρ+ ερerr. (3)
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FIG. 2: Performance of a detection-based quantum autoen-
coder for W class states with forms of input states known,
under (a) local depolarization noise E˜lc(·) and (d) global de-
polarization noise E˜gl(·). We set ε = 0.05.
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<latexit  sha1_base64="t IivLSXWPejGXNT9 Q+Umw9pUCxQ=">A AAB8HicbVBNSwMx EJ2tX7V+VT16CRa hgpRdKeix4MVjBb ettGvJptk2NMku SVYoS3+FFw+KePX nePPfmLZ70NYHA4 /3ZpiZFyacaeO63 05hbX1jc6u4XdrZ 3ds/KB8etXScKkJ 9EvNYdUKsKWeS+o YZTjuJoliEnLbD8 c3Mbz9RpVks780k oYHAQ8kiRrCx0oP frz9mVe982i9X3J o7B1olXk4qkKPZL 3/1BjFJBZWGcKx1 13MTE2RYGUY4nZ Z6qaYJJmM8pF1LJ RZUB9n84Ck6s8oA RbGyJQ2aq78nMiy 0nojQdgpsRnrZm4 n/ed3URNdBxmSSG irJYlGUcmRiNPse DZiixPCJJZgoZm9 FZIQVJsZmVLIheM svr5LWZc1za95dv dK4yOMowgmcQhU8 uIIG3EITfCAg4Bl e4c1Rzovz7nwsWg tOPnMMf+B8/gCH nI9+</latexit><latexit  sha1_base64="t IivLSXWPejGXNT9 Q+Umw9pUCxQ=">A AAB8HicbVBNSwMx EJ2tX7V+VT16CRa hgpRdKeix4MVjBb ettGvJptk2NMku SVYoS3+FFw+KePX nePPfmLZ70NYHA4 /3ZpiZFyacaeO63 05hbX1jc6u4XdrZ 3ds/KB8etXScKkJ 9EvNYdUKsKWeS+o YZTjuJoliEnLbD8 c3Mbz9RpVks780k oYHAQ8kiRrCx0oP frz9mVe982i9X3J o7B1olXk4qkKPZL 3/1BjFJBZWGcKx1 13MTE2RYGUY4nZ Z6qaYJJmM8pF1LJ RZUB9n84Ck6s8oA RbGyJQ2aq78nMiy 0nojQdgpsRnrZm4 n/ed3URNdBxmSSG irJYlGUcmRiNPse DZiixPCJJZgoZm9 FZIQVJsZmVLIheM svr5LWZc1za95dv dK4yOMowgmcQhU8 uIIG3EITfCAg4Bl e4c1Rzovz7nwsWg tOPnMMf+B8/gCH nI9+</latexit><latexit  sha1_base64="t IivLSXWPejGXNT9 Q+Umw9pUCxQ=">A AAB8HicbVBNSwMx EJ2tX7V+VT16CRa hgpRdKeix4MVjBb ettGvJptk2NMku SVYoS3+FFw+KePX nePPfmLZ70NYHA4 /3ZpiZFyacaeO63 05hbX1jc6u4XdrZ 3ds/KB8etXScKkJ 9EvNYdUKsKWeS+o YZTjuJoliEnLbD8 c3Mbz9RpVks780k oYHAQ8kiRrCx0oP frz9mVe982i9X3J o7B1olXk4qkKPZL 3/1BjFJBZWGcKx1 13MTE2RYGUY4nZ Z6qaYJJmM8pF1LJ RZUB9n84Ck6s8oA RbGyJQ2aq78nMiy 0nojQdgpsRnrZm4 n/ed3URNdBxmSSG irJYlGUcmRiNPse DZiixPCJJZgoZm9 FZIQVJsZmVLIheM svr5LWZc1za95dv dK4yOMowgmcQhU8 uIIG3EITfCAg4Bl e4c1Rzovz7nwsWg tOPnMMf+B8/gCH nI9+</latexit><latexit  sha1_base64="t IivLSXWPejGXNT9 Q+Umw9pUCxQ=">A AAB8HicbVBNSwMx EJ2tX7V+VT16CRa hgpRdKeix4MVjBb ettGvJptk2NMku SVYoS3+FFw+KePX nePPfmLZ70NYHA4 /3ZpiZFyacaeO63 05hbX1jc6u4XdrZ 3ds/KB8etXScKkJ 9EvNYdUKsKWeS+o YZTjuJoliEnLbD8 c3Mbz9RpVks780k oYHAQ8kiRrCx0oP frz9mVe982i9X3J o7B1olXk4qkKPZL 3/1BjFJBZWGcKx1 13MTE2RYGUY4nZ Z6qaYJJmM8pF1LJ RZUB9n84Ck6s8oA RbGyJQ2aq78nMiy 0nojQdgpsRnrZm4 n/ed3URNdBxmSSG irJYlGUcmRiNPse DZiixPCJJZgoZm9 FZIQVJsZmVLIheM svr5LWZc1za95dv dK4yOMowgmcQhU8 uIIG3EITfCAg4Bl e4c1Rzovz7nwsWg tOPnMMf+B8/gCH nI9+</latexit>
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3
<latexit  sha1_base64="s 46FkJR9NCUEFf7m 2qk9hb4LMaA=">A AAB8HicbVBNSwMx EJ2tX7V+VT16CRa hgpRdFfRY8OKxgt tW2rVk02wbmmSX JCuUpb/CiwdFvPp zvPlvTNs9aOuDgc d7M8zMCxPOtHHdb 6ewsrq2vlHcLG1t 7+zulfcPmjpOFaE +iXms2iHWlDNJfc MMp+1EUSxCTlvh6 Gbqt56o0iyW92ac 0EDggWQRI9hY6cH vXTxmVe900itX3J o7A1omXk4qkKPRK 391+zFJBZWGcKx1 x3MTE2RYGUY4nZ S6qaYJJiM8oB1LJ RZUB9ns4Ak6sUof RbGyJQ2aqb8nMiy 0HovQdgpshnrRm4 r/eZ3URNdBxmSSG irJfFGUcmRiNP0e 9ZmixPCxJZgoZm9 FZIgVJsZmVLIheI svL5Pmec1za97dZ aV+lsdRhCM4hip4 cAV1uIUG+EBAwDO 8wpujnBfn3fmYtx acfOYQ/sD5/AGG Eo99</latexit><latexit  sha1_base64="s 46FkJR9NCUEFf7m 2qk9hb4LMaA=">A AAB8HicbVBNSwMx EJ2tX7V+VT16CRa hgpRdFfRY8OKxgt tW2rVk02wbmmSX JCuUpb/CiwdFvPp zvPlvTNs9aOuDgc d7M8zMCxPOtHHdb 6ewsrq2vlHcLG1t 7+zulfcPmjpOFaE +iXms2iHWlDNJfc MMp+1EUSxCTlvh6 Gbqt56o0iyW92ac 0EDggWQRI9hY6cH vXTxmVe900itX3J o7A1omXk4qkKPRK 391+zFJBZWGcKx1 x3MTE2RYGUY4nZ S6qaYJJiM8oB1LJ RZUB9ns4Ak6sUof RbGyJQ2aqb8nMiy 0HovQdgpshnrRm4 r/eZ3URNdBxmSSG irJfFGUcmRiNP0e 9ZmixPCxJZgoZm9 FZIgVJsZmVLIheI svL5Pmec1za97dZ aV+lsdRhCM4hip4 cAV1uIUG+EBAwDO 8wpujnBfn3fmYtx acfOYQ/sD5/AGG Eo99</latexit><latexit  sha1_base64="s 46FkJR9NCUEFf7m 2qk9hb4LMaA=">A AAB8HicbVBNSwMx EJ2tX7V+VT16CRa hgpRdFfRY8OKxgt tW2rVk02wbmmSX JCuUpb/CiwdFvPp zvPlvTNs9aOuDgc d7M8zMCxPOtHHdb 6ewsrq2vlHcLG1t 7+zulfcPmjpOFaE +iXms2iHWlDNJfc MMp+1EUSxCTlvh6 Gbqt56o0iyW92ac 0EDggWQRI9hY6cH vXTxmVe900itX3J o7A1omXk4qkKPRK 391+zFJBZWGcKx1 x3MTE2RYGUY4nZ S6qaYJJiM8oB1LJ RZUB9ns4Ak6sUof RbGyJQ2aqb8nMiy 0HovQdgpshnrRm4 r/eZ3URNdBxmSSG irJfFGUcmRiNP0e 9ZmixPCxJZgoZm9 FZIgVJsZmVLIheI svL5Pmec1za97dZ aV+lsdRhCM4hip4 cAV1uIUG+EBAwDO 8wpujnBfn3fmYtx acfOYQ/sD5/AGG Eo99</latexit><latexit  sha1_base64="s 46FkJR9NCUEFf7m 2qk9hb4LMaA=">A AAB8HicbVBNSwMx EJ2tX7V+VT16CRa hgpRdFfRY8OKxgt tW2rVk02wbmmSX JCuUpb/CiwdFvPp zvPlvTNs9aOuDgc d7M8zMCxPOtHHdb 6ewsrq2vlHcLG1t 7+zulfcPmjpOFaE +iXms2iHWlDNJfc MMp+1EUSxCTlvh6 Gbqt56o0iyW92ac 0EDggWQRI9hY6cH vXTxmVe900itX3J o7A1omXk4qkKPRK 391+zFJBZWGcKx1 x3MTE2RYGUY4nZ S6qaYJJiM8oB1LJ RZUB9ns4Ak6sUof RbGyJQ2aqb8nMiy 0HovQdgpshnrRm4 r/eZ3URNdBxmSSG irJfFGUcmRiNP0e 9ZmixPCxJZgoZm9 FZIgVJsZmVLIheI svL5Pmec1za97dZ aV+lsdRhCM4hip4 cAV1uIUG+EBAwDO 8wpujnBfn3fmYtx acfOYQ/sD5/AGG Eo99</latexit>
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<latexit  sha1_base64="e aw3XuKAr9lALZkz btSso0jslwE=">A AAB8HicbVBNSwMx EJ2tX7V+VT16CRa hgpTdIuix4MVjBb ettGvJptk2NMku SVYoS3+FFw+KePX nePPfmLZ70NYHA4 /3ZpiZFyacaeO63 05hbX1jc6u4XdrZ 3ds/KB8etXScKkJ 9EvNYdUKsKWeS+o YZTjuJoliEnLbD8 c3Mbz9RpVks780k oYHAQ8kiRrCx0oP frz9mVe982i9X3J o7B1olXk4qkKPZL 3/1BjFJBZWGcKx1 13MTE2RYGUY4nZ Z6qaYJJmM8pF1LJ RZUB9n84Ck6s8oA RbGyJQ2aq78nMiy 0nojQdgpsRnrZm4 n/ed3URNdBxmSSG irJYlGUcmRiNPse DZiixPCJJZgoZm9 FZIQVJsZmVLIheM svr5JWvea5Ne/us tK4yOMowgmcQhU8 uIIG3EITfCAg4Bl e4c1Rzovz7nwsWg tOPnMMf+B8/gCE iI98</latexit><latexit  sha1_base64="e aw3XuKAr9lALZkz btSso0jslwE=">A AAB8HicbVBNSwMx EJ2tX7V+VT16CRa hgpTdIuix4MVjBb ettGvJptk2NMku SVYoS3+FFw+KePX nePPfmLZ70NYHA4 /3ZpiZFyacaeO63 05hbX1jc6u4XdrZ 3ds/KB8etXScKkJ 9EvNYdUKsKWeS+o YZTjuJoliEnLbD8 c3Mbz9RpVks780k oYHAQ8kiRrCx0oP frz9mVe982i9X3J o7B1olXk4qkKPZL 3/1BjFJBZWGcKx1 13MTE2RYGUY4nZ Z6qaYJJmM8pF1LJ RZUB9n84Ck6s8oA RbGyJQ2aq78nMiy 0nojQdgpsRnrZm4 n/ed3URNdBxmSSG irJYlGUcmRiNPse DZiixPCJJZgoZm9 FZIQVJsZmVLIheM svr5JWvea5Ne/us tK4yOMowgmcQhU8 uIIG3EITfCAg4Bl e4c1Rzovz7nwsWg tOPnMMf+B8/gCE iI98</latexit><latexit  sha1_base64="e aw3XuKAr9lALZkz btSso0jslwE=">A AAB8HicbVBNSwMx EJ2tX7V+VT16CRa hgpTdIuix4MVjBb ettGvJptk2NMku SVYoS3+FFw+KePX nePPfmLZ70NYHA4 /3ZpiZFyacaeO63 05hbX1jc6u4XdrZ 3ds/KB8etXScKkJ 9EvNYdUKsKWeS+o YZTjuJoliEnLbD8 c3Mbz9RpVks780k oYHAQ8kiRrCx0oP frz9mVe982i9X3J o7B1olXk4qkKPZL 3/1BjFJBZWGcKx1 13MTE2RYGUY4nZ Z6qaYJJmM8pF1LJ RZUB9n84Ck6s8oA RbGyJQ2aq78nMiy 0nojQdgpsRnrZm4 n/ed3URNdBxmSSG irJYlGUcmRiNPse DZiixPCJJZgoZm9 FZIQVJsZmVLIheM svr5JWvea5Ne/us tK4yOMowgmcQhU8 uIIG3EITfCAg4Bl e4c1Rzovz7nwsWg tOPnMMf+B8/gCE iI98</latexit><latexit  sha1_base64="e aw3XuKAr9lALZkz btSso0jslwE=">A AAB8HicbVBNSwMx EJ2tX7V+VT16CRa hgpTdIuix4MVjBb ettGvJptk2NMku SVYoS3+FFw+KePX nePPfmLZ70NYHA4 /3ZpiZFyacaeO63 05hbX1jc6u4XdrZ 3ds/KB8etXScKkJ 9EvNYdUKsKWeS+o YZTjuJoliEnLbD8 c3Mbz9RpVks780k oYHAQ8kiRrCx0oP frz9mVe982i9X3J o7B1olXk4qkKPZL 3/1BjFJBZWGcKx1 13MTE2RYGUY4nZ Z6qaYJJmM8pF1LJ RZUB9n84Ck6s8oA RbGyJQ2aq78nMiy 0nojQdgpsRnrZm4 n/ed3URNdBxmSSG irJYlGUcmRiNPse DZiixPCJJZgoZm9 FZIQVJsZmVLIheM svr5JWvea5Ne/us tK4yOMowgmcQhU8 uIIG3EITfCAg4Bl e4c1Rzovz7nwsWg tOPnMMf+B8/gCE iI98</latexit>
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<latexit  sha1_base64="8 n2uMJqQx/GsWp3V zrzPvkTQ/KQ=">A AAB8HicbVBNSwMx EJ31s9avqkcvwSJ UkLIRQY8FLx4ruG 2lXUs2TdvQJLsk WaEs/RVePCji1Z/ jzX9j2u5BWx8MPN 6bYWZelAhurO9/e yura+sbm4Wt4vbO 7t5+6eCwYeJUUxb QWMS6FRHDBFcssN wK1ko0IzISrBmNb qZ+84lpw2N1b8cJ CyUZKN7nlFgnPQR d/JhV8NmkWyr7VX 8GtExwTsqQo94tf XV6MU0lU5YKYkwb +4kNM6Itp4JNip 3UsITQERmwtqOKS GbCbHbwBJ06pYf6 sXalLJqpvycyIo0 Zy8h1SmKHZtGbiv 957dT2r8OMqyS1T NH5on4qkI3R9HvU 45pRK8aOEKq5uxX RIdGEWpdR0YWAF1 9eJo2LKvar+O6yX DvP4yjAMZxABTBc QQ1uoQ4BUJDwDK/ w5mnvxXv3PuatK1 4+cwR/4H3+AIL+ j3s=</latexit><latexit  sha1_base64="8 n2uMJqQx/GsWp3V zrzPvkTQ/KQ=">A AAB8HicbVBNSwMx EJ31s9avqkcvwSJ UkLIRQY8FLx4ruG 2lXUs2TdvQJLsk WaEs/RVePCji1Z/ jzX9j2u5BWx8MPN 6bYWZelAhurO9/e yura+sbm4Wt4vbO 7t5+6eCwYeJUUxb QWMS6FRHDBFcssN wK1ko0IzISrBmNb qZ+84lpw2N1b8cJ CyUZKN7nlFgnPQR d/JhV8NmkWyr7VX 8GtExwTsqQo94tf XV6MU0lU5YKYkwb +4kNM6Itp4JNip 3UsITQERmwtqOKS GbCbHbwBJ06pYf6 sXalLJqpvycyIo0 Zy8h1SmKHZtGbiv 957dT2r8OMqyS1T NH5on4qkI3R9HvU 45pRK8aOEKq5uxX RIdGEWpdR0YWAF1 9eJo2LKvar+O6yX DvP4yjAMZxABTBc QQ1uoQ4BUJDwDK/ w5mnvxXv3PuatK1 4+cwR/4H3+AIL+ j3s=</latexit><latexit  sha1_base64="8 n2uMJqQx/GsWp3V zrzPvkTQ/KQ=">A AAB8HicbVBNSwMx EJ31s9avqkcvwSJ UkLIRQY8FLx4ruG 2lXUs2TdvQJLsk WaEs/RVePCji1Z/ jzX9j2u5BWx8MPN 6bYWZelAhurO9/e yura+sbm4Wt4vbO 7t5+6eCwYeJUUxb QWMS6FRHDBFcssN wK1ko0IzISrBmNb qZ+84lpw2N1b8cJ CyUZKN7nlFgnPQR d/JhV8NmkWyr7VX 8GtExwTsqQo94tf XV6MU0lU5YKYkwb +4kNM6Itp4JNip 3UsITQERmwtqOKS GbCbHbwBJ06pYf6 sXalLJqpvycyIo0 Zy8h1SmKHZtGbiv 957dT2r8OMqyS1T NH5on4qkI3R9HvU 45pRK8aOEKq5uxX RIdGEWpdR0YWAF1 9eJo2LKvar+O6yX DvP4yjAMZxABTBc QQ1uoQ4BUJDwDK/ w5mnvxXv3PuatK1 4+cwR/4H3+AIL+ j3s=</latexit><latexit  sha1_base64="8 n2uMJqQx/GsWp3V zrzPvkTQ/KQ=">A AAB8HicbVBNSwMx EJ31s9avqkcvwSJ UkLIRQY8FLx4ruG 2lXUs2TdvQJLsk WaEs/RVePCji1Z/ jzX9j2u5BWx8MPN 6bYWZelAhurO9/e yura+sbm4Wt4vbO 7t5+6eCwYeJUUxb QWMS6FRHDBFcssN wK1ko0IzISrBmNb qZ+84lpw2N1b8cJ CyUZKN7nlFgnPQR d/JhV8NmkWyr7VX 8GtExwTsqQo94tf XV6MU0lU5YKYkwb +4kNM6Itp4JNip 3UsITQERmwtqOKS GbCbHbwBJ06pYf6 sXalLJqpvycyIo0 Zy8h1SmKHZtGbiv 957dT2r8OMqyS1T NH5on4qkI3R9HvU 45pRK8aOEKq5uxX RIdGEWpdR0YWAF1 9eJo2LKvar+O6yX DvP4yjAMZxABTBc QQ1uoQ4BUJDwDK/ w5mnvxXv3PuatK1 4+cwR/4H3+AIL+ j3s=</latexit>
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<latexit sha1_b ase64="ImuTP5zmokX9SPvvTzuzSmQ h6BA=">AAAB8HicbVBNSwMxEJ2tX7V +VT16CRahgpRdUfRY8OKxgttW2rVk0 2wbmmSXJCuUpb/CiwdFvPpzvPlvTNs 9aOuDgcd7M8zMCxPOtHHdb6ewsrq2v lHcLG1t7+zulfcPmjpOFaE+iXms2iH WlDNJfcMMp+1EUSxCTlvh6Gbqt56o 0iyW92ac0EDggWQRI9hY6cHvXT5mVe 900itX3Jo7A1omXk4qkKPRK391+zFJ BZWGcKx1x3MTE2RYGUY4nZS6qaYJJi M8oB1LJRZUB9ns4Ak6sUofRbGyJQ2a qb8nMiy0HovQdgpshnrRm4r/eZ3URN dBxmSSGirJfFGUcmRiNP0e9ZmixPC xJZgoZm9FZIgVJsZmVLIheIsvL5Pme c1za97dRaV+lsdRhCM4hip4cAV1uIU G+EBAwDO8wpujnBfn3fmYtxacfOYQ/ sD5/AGJJo9/</latexit><latexit sha1_b ase64="ImuTP5zmokX9SPvvTzuzSmQ h6BA=">AAAB8HicbVBNSwMxEJ2tX7V +VT16CRahgpRdUfRY8OKxgttW2rVk0 2wbmmSXJCuUpb/CiwdFvPpzvPlvTNs 9aOuDgcd7M8zMCxPOtHHdb6ewsrq2v lHcLG1t7+zulfcPmjpOFaE+iXms2iH WlDNJfcMMp+1EUSxCTlvh6Gbqt56o 0iyW92ac0EDggWQRI9hY6cHvXT5mVe 900itX3Jo7A1omXk4qkKPRK391+zFJ BZWGcKx1x3MTE2RYGUY4nZS6qaYJJi M8oB1LJRZUB9ns4Ak6sUofRbGyJQ2a qb8nMiy0HovQdgpshnrRm4r/eZ3URN dBxmSSGirJfFGUcmRiNP0e9ZmixPC xJZgoZm9FZIgVJsZmVLIheIsvL5Pme c1za97dRaV+lsdRhCM4hip4cAV1uIU G+EBAwDO8wpujnBfn3fmYtxacfOYQ/ sD5/AGJJo9/</latexit><latexit sha1_b ase64="ImuTP5zmokX9SPvvTzuzSmQ h6BA=">AAAB8HicbVBNSwMxEJ2tX7V +VT16CRahgpRdUfRY8OKxgttW2rVk0 2wbmmSXJCuUpb/CiwdFvPpzvPlvTNs 9aOuDgcd7M8zMCxPOtHHdb6ewsrq2v lHcLG1t7+zulfcPmjpOFaE+iXms2iH WlDNJfcMMp+1EUSxCTlvh6Gbqt56o 0iyW92ac0EDggWQRI9hY6cHvXT5mVe 900itX3Jo7A1omXk4qkKPRK391+zFJ BZWGcKx1x3MTE2RYGUY4nZS6qaYJJi M8oB1LJRZUB9ns4Ak6sUofRbGyJQ2a qb8nMiy0HovQdgpshnrRm4r/eZ3URN dBxmSSGirJfFGUcmRiNP0e9ZmixPC xJZgoZm9FZIgVJsZmVLIheIsvL5Pme c1za97dRaV+lsdRhCM4hip4cAV1uIU G+EBAwDO8wpujnBfn3fmYtxacfOYQ/ sD5/AGJJo9/</latexit><latexit sha1_b ase64="ImuTP5zmokX9SPvvTzuzSmQ h6BA=">AAAB8HicbVBNSwMxEJ2tX7V +VT16CRahgpRdUfRY8OKxgttW2rVk0 2wbmmSXJCuUpb/CiwdFvPpzvPlvTNs 9aOuDgcd7M8zMCxPOtHHdb6ewsrq2v lHcLG1t7+zulfcPmjpOFaE+iXms2iH WlDNJfcMMp+1EUSxCTlvh6Gbqt56o 0iyW92ac0EDggWQRI9hY6cHvXT5mVe 900itX3Jo7A1omXk4qkKPRK391+zFJ BZWGcKx1x3MTE2RYGUY4nZS6qaYJJi M8oB1LJRZUB9ns4Ak6sUofRbGyJQ2a qb8nMiy0HovQdgpshnrRm4r/eZ3URN dBxmSSGirJfFGUcmRiNP0e9ZmixPC xJZgoZm9FZIgVJsZmVLIheIsvL5Pme c1za97dRaV+lsdRhCM4hip4cAV1uIU G+EBAwDO8wpujnBfn3fmYtxacfOYQ/ sD5/AGJJo9/</latexit>
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<latexit sha1_b ase64="0QZSEowwbH+0q1G33fjkamP 3jVw=">AAAB8HicbVBNSwMxEJ2tX7V +VT16CRahgpRdEfVY8OKxgttW2rVk0 2wbmmSXJCuUpb/CiwdFvPpzvPlvTNs 9aOuDgcd7M8zMCxPOtHHdb6ewsrq2v lHcLG1t7+zulfcPmjpOFaE+iXms2iH WlDNJfcMMp+1EUSxCTlvh6Gbqt56o 0iyW92ac0EDggWQRI9hY6cHvXT5mVe 900itX3Jo7A1omXk4qkKPRK391+zFJ BZWGcKx1x3MTE2RYGUY4nZS6qaYJJi M8oB1LJRZUB9ns4Ak6sUofRbGyJQ2a qb8nMiy0HovQdgpshnrRm4r/eZ3URN dBxmSSGirJfFGUcmRiNP0e9ZmixPC xJZgoZm9FZIgVJsZmVLIheIsvL5Pme c1za97dRaV+lsdRhCM4hip4cAV1uIU G+EBAwDO8wpujnBfn3fmYtxacfOYQ/ sD5/AGKsI+A</latexit><latexit sha1_b ase64="0QZSEowwbH+0q1G33fjkamP 3jVw=">AAAB8HicbVBNSwMxEJ2tX7V +VT16CRahgpRdEfVY8OKxgttW2rVk0 2wbmmSXJCuUpb/CiwdFvPpzvPlvTNs 9aOuDgcd7M8zMCxPOtHHdb6ewsrq2v lHcLG1t7+zulfcPmjpOFaE+iXms2iH WlDNJfcMMp+1EUSxCTlvh6Gbqt56o 0iyW92ac0EDggWQRI9hY6cHvXT5mVe 900itX3Jo7A1omXk4qkKPRK391+zFJ BZWGcKx1x3MTE2RYGUY4nZS6qaYJJi M8oB1LJRZUB9ns4Ak6sUofRbGyJQ2a qb8nMiy0HovQdgpshnrRm4r/eZ3URN dBxmSSGirJfFGUcmRiNP0e9ZmixPC xJZgoZm9FZIgVJsZmVLIheIsvL5Pme c1za97dRaV+lsdRhCM4hip4cAV1uIU G+EBAwDO8wpujnBfn3fmYtxacfOYQ/ sD5/AGKsI+A</latexit><latexit sha1_b ase64="0QZSEowwbH+0q1G33fjkamP 3jVw=">AAAB8HicbVBNSwMxEJ2tX7V +VT16CRahgpRdEfVY8OKxgttW2rVk0 2wbmmSXJCuUpb/CiwdFvPpzvPlvTNs 9aOuDgcd7M8zMCxPOtHHdb6ewsrq2v lHcLG1t7+zulfcPmjpOFaE+iXms2iH WlDNJfcMMp+1EUSxCTlvh6Gbqt56o 0iyW92ac0EDggWQRI9hY6cHvXT5mVe 900itX3Jo7A1omXk4qkKPRK391+zFJ BZWGcKx1x3MTE2RYGUY4nZS6qaYJJi M8oB1LJRZUB9ns4Ak6sUofRbGyJQ2a qb8nMiy0HovQdgpshnrRm4r/eZ3URN dBxmSSGirJfFGUcmRiNP0e9ZmixPC xJZgoZm9FZIgVJsZmVLIheIsvL5Pme c1za97dRaV+lsdRhCM4hip4cAV1uIU G+EBAwDO8wpujnBfn3fmYtxacfOYQ/ sD5/AGKsI+A</latexit><latexit sha1_b ase64="0QZSEowwbH+0q1G33fjkamP 3jVw=">AAAB8HicbVBNSwMxEJ2tX7V +VT16CRahgpRdEfVY8OKxgttW2rVk0 2wbmmSXJCuUpb/CiwdFvPpzvPlvTNs 9aOuDgcd7M8zMCxPOtHHdb6ewsrq2v lHcLG1t7+zulfcPmjpOFaE+iXms2iH WlDNJfcMMp+1EUSxCTlvh6Gbqt56o 0iyW92ac0EDggWQRI9hY6cHvXT5mVe 900itX3Jo7A1omXk4qkKPRK391+zFJ BZWGcKx1x3MTE2RYGUY4nZS6qaYJJi M8oB1LJRZUB9ns4Ak6sUofRbGyJQ2a qb8nMiy0HovQdgpshnrRm4r/eZ3URN dBxmSSGirJfFGUcmRiNP0e9ZmixPC xJZgoZm9FZIgVJsZmVLIheIsvL5Pme c1za97dRaV+lsdRhCM4hip4cAV1uIU G+EBAwDO8wpujnBfn3fmYtxacfOYQ/ sD5/AGKsI+A</latexit>
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<latexit sha1_b ase64="9nOF5WtdyL39Ef0LTShp6Di iMRg=">AAAB8HicbVBNSwMxEJ2tX7V +VT16CRahgpRdEeqx4MVjBbettGvJp tk2NMkuSVYoS3+FFw+KePXnePPfmLZ 70NYHA4/3ZpiZFyacaeO6305hbX1jc 6u4XdrZ3ds/KB8etXScKkJ9EvNYdUK sKWeS+oYZTjuJoliEnLbD8c3Mbz9R pVks780koYHAQ8kiRrCx0oPfrz9mVe 982i9X3Jo7B1olXk4qkKPZL3/1BjFJ BZWGcKx113MTE2RYGUY4nZZ6qaYJJm M8pF1LJRZUB9n84Ck6s8oARbGyJQ2a q78nMiy0nojQdgpsRnrZm4n/ed3URN dBxmSSGirJYlGUcmRiNPseDZiixPC JJZgoZm9FZIQVJsZmVLIheMsvr5LWZ c1za97dVaVxkcdRhBM4hSp4UIcG3EI TfCAg4Ble4c1Rzovz7nwsWgtOPnMMf +B8/gCMOo+B</latexit><latexit sha1_b ase64="9nOF5WtdyL39Ef0LTShp6Di iMRg=">AAAB8HicbVBNSwMxEJ2tX7V +VT16CRahgpRdEeqx4MVjBbettGvJp tk2NMkuSVYoS3+FFw+KePXnePPfmLZ 70NYHA4/3ZpiZFyacaeO6305hbX1jc 6u4XdrZ3ds/KB8etXScKkJ9EvNYdUK sKWeS+oYZTjuJoliEnLbD8c3Mbz9R pVks780koYHAQ8kiRrCx0oPfrz9mVe 982i9X3Jo7B1olXk4qkKPZL3/1BjFJ BZWGcKx113MTE2RYGUY4nZZ6qaYJJm M8pF1LJRZUB9n84Ck6s8oARbGyJQ2a q78nMiy0nojQdgpsRnrZm4n/ed3URN dBxmSSGirJYlGUcmRiNPseDZiixPC JJZgoZm9FZIQVJsZmVLIheMsvr5LWZ c1za97dVaVxkcdRhBM4hSp4UIcG3EI TfCAg4Ble4c1Rzovz7nwsWgtOPnMMf +B8/gCMOo+B</latexit><latexit sha1_b ase64="9nOF5WtdyL39Ef0LTShp6Di iMRg=">AAAB8HicbVBNSwMxEJ2tX7V +VT16CRahgpRdEeqx4MVjBbettGvJp tk2NMkuSVYoS3+FFw+KePXnePPfmLZ 70NYHA4/3ZpiZFyacaeO6305hbX1jc 6u4XdrZ3ds/KB8etXScKkJ9EvNYdUK sKWeS+oYZTjuJoliEnLbD8c3Mbz9R pVks780koYHAQ8kiRrCx0oPfrz9mVe 982i9X3Jo7B1olXk4qkKPZL3/1BjFJ BZWGcKx113MTE2RYGUY4nZZ6qaYJJm M8pF1LJRZUB9n84Ck6s8oARbGyJQ2a q78nMiy0nojQdgpsRnrZm4n/ed3URN dBxmSSGirJYlGUcmRiNPseDZiixPC JJZgoZm9FZIQVJsZmVLIheMsvr5LWZ c1za97dVaVxkcdRhBM4hSp4UIcG3EI TfCAg4Ble4c1Rzovz7nwsWgtOPnMMf +B8/gCMOo+B</latexit><latexit sha1_b ase64="9nOF5WtdyL39Ef0LTShp6Di iMRg=">AAAB8HicbVBNSwMxEJ2tX7V +VT16CRahgpRdEeqx4MVjBbettGvJp tk2NMkuSVYoS3+FFw+KePXnePPfmLZ 70NYHA4/3ZpiZFyacaeO6305hbX1jc 6u4XdrZ3ds/KB8etXScKkJ9EvNYdUK sKWeS+oYZTjuJoliEnLbD8c3Mbz9R pVks780koYHAQ8kiRrCx0oPfrz9mVe 982i9X3Jo7B1olXk4qkKPZL3/1BjFJ BZWGcKx113MTE2RYGUY4nZZ6qaYJJm M8pF1LJRZUB9n84Ck6s8oARbGyJQ2a q78nMiy0nojQdgpsRnrZm4n/ed3URN dBxmSSGirJYlGUcmRiNPseDZiixPC JJZgoZm9FZIQVJsZmVLIheMsvr5LWZ c1za97dVaVxkcdRhBM4hSp4UIcG3EI TfCAg4Ble4c1Rzovz7nwsWgtOPnMMf +B8/gCMOo+B</latexit>
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<latexit sha1_b ase64="BkmVivKQBZtr0+HNuIRop4q p3YE=">AAAB8HicbVBNSwMxEJ2tX7V +VT16CRahgpRdEeyx4MVjBbettGvJp tk2NMkuSVYoS3+FFw+KePXnePPfmLZ 70NYHA4/3ZpiZFyacaeO6305hbX1jc 6u4XdrZ3ds/KB8etXScKkJ9EvNYdUK sKWeS+oYZTjuJoliEnLbD8c3Mbz9R pVks780koYHAQ8kiRrCx0oPfrz9mVe 982i9X3Jo7B1olXk4qkKPZL3/1BjFJ BZWGcKx113MTE2RYGUY4nZZ6qaYJJm M8pF1LJRZUB9n84Ck6s8oARbGyJQ2a q78nMiy0nojQdgpsRnrZm4n/ed3URP UgYzJJDZVksShKOTIxmn2PBkxRYvj EEkwUs7ciMsIKE2MzKtkQvOWXV0nrs ua5Ne/uqtK4yOMowgmcQhU8uIYG3EI TfCAg4Ble4c1Rzovz7nwsWgtOPnMMf +B8/gCNxI+C</latexit><latexit sha1_b ase64="BkmVivKQBZtr0+HNuIRop4q p3YE=">AAAB8HicbVBNSwMxEJ2tX7V +VT16CRahgpRdEeyx4MVjBbettGvJp tk2NMkuSVYoS3+FFw+KePXnePPfmLZ 70NYHA4/3ZpiZFyacaeO6305hbX1jc 6u4XdrZ3ds/KB8etXScKkJ9EvNYdUK sKWeS+oYZTjuJoliEnLbD8c3Mbz9R pVks780koYHAQ8kiRrCx0oPfrz9mVe 982i9X3Jo7B1olXk4qkKPZL3/1BjFJ BZWGcKx113MTE2RYGUY4nZZ6qaYJJm M8pF1LJRZUB9n84Ck6s8oARbGyJQ2a q78nMiy0nojQdgpsRnrZm4n/ed3URP UgYzJJDZVksShKOTIxmn2PBkxRYvj EEkwUs7ciMsIKE2MzKtkQvOWXV0nrs ua5Ne/uqtK4yOMowgmcQhU8uIYG3EI TfCAg4Ble4c1Rzovz7nwsWgtOPnMMf +B8/gCNxI+C</latexit><latexit sha1_b ase64="BkmVivKQBZtr0+HNuIRop4q p3YE=">AAAB8HicbVBNSwMxEJ2tX7V +VT16CRahgpRdEeyx4MVjBbettGvJp tk2NMkuSVYoS3+FFw+KePXnePPfmLZ 70NYHA4/3ZpiZFyacaeO6305hbX1jc 6u4XdrZ3ds/KB8etXScKkJ9EvNYdUK sKWeS+oYZTjuJoliEnLbD8c3Mbz9R pVks780koYHAQ8kiRrCx0oPfrz9mVe 982i9X3Jo7B1olXk4qkKPZL3/1BjFJ BZWGcKx113MTE2RYGUY4nZZ6qaYJJm M8pF1LJRZUB9n84Ck6s8oARbGyJQ2a q78nMiy0nojQdgpsRnrZm4n/ed3URP UgYzJJDZVksShKOTIxmn2PBkxRYvj EEkwUs7ciMsIKE2MzKtkQvOWXV0nrs ua5Ne/uqtK4yOMowgmcQhU8uIYG3EI TfCAg4Ble4c1Rzovz7nwsWgtOPnMMf +B8/gCNxI+C</latexit><latexit sha1_b ase64="BkmVivKQBZtr0+HNuIRop4q p3YE=">AAAB8HicbVBNSwMxEJ2tX7V +VT16CRahgpRdEeyx4MVjBbettGvJp tk2NMkuSVYoS3+FFw+KePXnePPfmLZ 70NYHA4/3ZpiZFyacaeO6305hbX1jc 6u4XdrZ3ds/KB8etXScKkJ9EvNYdUK sKWeS+oYZTjuJoliEnLbD8c3Mbz9R pVks780koYHAQ8kiRrCx0oPfrz9mVe 982i9X3Jo7B1olXk4qkKPZL3/1BjFJ BZWGcKx113MTE2RYGUY4nZZ6qaYJJm M8pF1LJRZUB9n84Ck6s8oARbGyJQ2a q78nMiy0nojQdgpsRnrZm4n/ed3URP UgYzJJDZVksShKOTIxmn2PBkxRYvj EEkwUs7ciMsIKE2MzKtkQvOWXV0nrs ua5Ne/uqtK4yOMowgmcQhU8uIYG3EI TfCAg4Ble4c1Rzovz7nwsWgtOPnMMf +B8/gCNxI+C</latexit>
e i t
<latexit sha1_b ase64="fVwc83JMLhKyDuYPD8TmYm5 muqg=">AAAB73icbVBNS8NAEN34Wet X1aOXxSJ40JKIoMeClx4r2A9oY9lsJ +3SzSbuToQS+ie8eFDEq3/Hm//GbZu Dtj4YeLw3w8y8IJHCoOt+Oyura+sbm 4Wt4vbO7t5+6eCwaeJUc2jwWMa6HTA DUihooEAJ7UQDiwIJrWB0O/VbT6CN iNU9jhPwIzZQIhScoZXa8JBdiBpOeq WyW3FnoMvEy0mZ5Kj3Sl/dfszTCBRy yYzpeG6CfsY0Ci5hUuymBhLGR2wAHU sVi8D42ezeCT21Sp+GsbalkM7U3xMZ i4wZR4HtjBgOzaI3Ff/zOimGN34mVJ IiKD5fFKaSYkynz9O+0MBRji1hXAt 7K+VDphlHG1HRhuAtvrxMmpcVz614d 1fl6nkeR4EckxNyRjxyTaqkRuqkQTi R5Jm8kjfn0Xlx3p2PeeuKk88ckT9wP n8A1nGPwQ==</latexit><latexit sha1_b ase64="fVwc83JMLhKyDuYPD8TmYm5 muqg=">AAAB73icbVBNS8NAEN34Wet X1aOXxSJ40JKIoMeClx4r2A9oY9lsJ +3SzSbuToQS+ie8eFDEq3/Hm//GbZu Dtj4YeLw3w8y8IJHCoOt+Oyura+sbm 4Wt4vbO7t5+6eCwaeJUc2jwWMa6HTA DUihooEAJ7UQDiwIJrWB0O/VbT6CN iNU9jhPwIzZQIhScoZXa8JBdiBpOeq WyW3FnoMvEy0mZ5Kj3Sl/dfszTCBRy yYzpeG6CfsY0Ci5hUuymBhLGR2wAHU sVi8D42ezeCT21Sp+GsbalkM7U3xMZ i4wZR4HtjBgOzaI3Ff/zOimGN34mVJ IiKD5fFKaSYkynz9O+0MBRji1hXAt 7K+VDphlHG1HRhuAtvrxMmpcVz614d 1fl6nkeR4EckxNyRjxyTaqkRuqkQTi R5Jm8kjfn0Xlx3p2PeeuKk88ckT9wP n8A1nGPwQ==</latexit><latexit sha1_b ase64="fVwc83JMLhKyDuYPD8TmYm5 muqg=">AAAB73icbVBNS8NAEN34Wet X1aOXxSJ40JKIoMeClx4r2A9oY9lsJ +3SzSbuToQS+ie8eFDEq3/Hm//GbZu Dtj4YeLw3w8y8IJHCoOt+Oyura+sbm 4Wt4vbO7t5+6eCwaeJUc2jwWMa6HTA DUihooEAJ7UQDiwIJrWB0O/VbT6CN iNU9jhPwIzZQIhScoZXa8JBdiBpOeq WyW3FnoMvEy0mZ5Kj3Sl/dfszTCBRy yYzpeG6CfsY0Ci5hUuymBhLGR2wAHU sVi8D42ezeCT21Sp+GsbalkM7U3xMZ i4wZR4HtjBgOzaI3Ff/zOimGN34mVJ IiKD5fFKaSYkynz9O+0MBRji1hXAt 7K+VDphlHG1HRhuAtvrxMmpcVz614d 1fl6nkeR4EckxNyRjxyTaqkRuqkQTi R5Jm8kjfn0Xlx3p2PeeuKk88ckT9wP n8A1nGPwQ==</latexit><latexit sha1_b ase64="fVwc83JMLhKyDuYPD8TmYm5 muqg=">AAAB73icbVBNS8NAEN34Wet X1aOXxSJ40JKIoMeClx4r2A9oY9lsJ +3SzSbuToQS+ie8eFDEq3/Hm//GbZu Dtj4YeLw3w8y8IJHCoOt+Oyura+sbm 4Wt4vbO7t5+6eCwaeJUc2jwWMa6HTA DUihooEAJ7UQDiwIJrWB0O/VbT6CN iNU9jhPwIzZQIhScoZXa8JBdiBpOeq WyW3FnoMvEy0mZ5Kj3Sl/dfszTCBRy yYzpeG6CfsY0Ci5hUuymBhLGR2wAHU sVi8D42ezeCT21Sp+GsbalkM7U3xMZ i4wZR4HtjBgOzaI3Ff/zOimGN34mVJ IiKD5fFKaSYkynz9O+0MBRji1hXAt 7K+VDphlHG1HRhuAtvrxMmpcVz614d 1fl6nkeR4EckxNyRjxyTaqkRuqkQTi R5Jm8kjfn0Xlx3p2PeeuKk88ckT9wP n8A1nGPwQ==</latexit>
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1
· · ·<latexit sha1_ba se64="C/ThE3LO0bsU2xdfe5suNCnJ9 S4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0GPRi8cK9gPaUDabTbt2 kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8 GHu/NMDMvSKUw6LrfTmltfWNzq7xd2d nd2z+oHh61jco04y2mpNLdgBouRcJbK FDybqo5jQPJO8H4duZ3nrg2QiUPOEm5 H9NhIiLBKFqp3WehQjOo1ty6OwdZJV5 BalCgOah+9UPFspgnyCQ1pue5Kfo51S iY5NNKPzM8pWxMh7xnaUJjbvx8fu2U nFklJJHSthIkc/X3RE5jYyZxYDtjiiO z7M3E/7xehtG1n4skzZAnbLEoyiRBRW avk1BozlBOLKFMC3srYSOqKUMbUMWG4 C2/vEraF3XPrXv3l7XGTRFHGU7gFM7B gytowB00oQUMHuEZXuHNUc6L8+58LFp LTjFzDH/gfP4ArlePLw==</latexit><latexit sha1_ba se64="C/ThE3LO0bsU2xdfe5suNCnJ9 S4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0GPRi8cK9gPaUDabTbt2 kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8 GHu/NMDMvSKUw6LrfTmltfWNzq7xd2d nd2z+oHh61jco04y2mpNLdgBouRcJbK FDybqo5jQPJO8H4duZ3nrg2QiUPOEm5 H9NhIiLBKFqp3WehQjOo1ty6OwdZJV5 BalCgOah+9UPFspgnyCQ1pue5Kfo51S iY5NNKPzM8pWxMh7xnaUJjbvx8fu2U nFklJJHSthIkc/X3RE5jYyZxYDtjiiO z7M3E/7xehtG1n4skzZAnbLEoyiRBRW avk1BozlBOLKFMC3srYSOqKUMbUMWG4 C2/vEraF3XPrXv3l7XGTRFHGU7gFM7B gytowB00oQUMHuEZXuHNUc6L8+58LFp LTjFzDH/gfP4ArlePLw==</latexit><latexit sha1_ba se64="C/ThE3LO0bsU2xdfe5suNCnJ9 S4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0GPRi8cK9gPaUDabTbt2 kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8 GHu/NMDMvSKUw6LrfTmltfWNzq7xd2d nd2z+oHh61jco04y2mpNLdgBouRcJbK FDybqo5jQPJO8H4duZ3nrg2QiUPOEm5 H9NhIiLBKFqp3WehQjOo1ty6OwdZJV5 BalCgOah+9UPFspgnyCQ1pue5Kfo51S iY5NNKPzM8pWxMh7xnaUJjbvx8fu2U nFklJJHSthIkc/X3RE5jYyZxYDtjiiO z7M3E/7xehtG1n4skzZAnbLEoyiRBRW avk1BozlBOLKFMC3srYSOqKUMbUMWG4 C2/vEraF3XPrXv3l7XGTRFHGU7gFM7B gytowB00oQUMHuEZXuHNUc6L8+58LFp LTjFzDH/gfP4ArlePLw==</latexit><latexit sha1_ba se64="C/ThE3LO0bsU2xdfe5suNCnJ9 S4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0GPRi8cK9gPaUDabTbt2 kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8 GHu/NMDMvSKUw6LrfTmltfWNzq7xd2d nd2z+oHh61jco04y2mpNLdgBouRcJbK FDybqo5jQPJO8H4duZ3nrg2QiUPOEm5 H9NhIiLBKFqp3WehQjOo1ty6OwdZJV5 BalCgOah+9UPFspgnyCQ1pue5Kfo51S iY5NNKPzM8pWxMh7xnaUJjbvx8fu2U nFklJJHSthIkc/X3RE5jYyZxYDtjiiO z7M3E/7xehtG1n4skzZAnbLEoyiRBRW avk1BozlBOLKFMC3srYSOqKUMbUMWG4 C2/vEraF3XPrXv3l7XGTRFHGU7gFM7B gytowB00oQUMHuEZXuHNUc6L8+58LFp LTjFzDH/gfP4ArlePLw==</latexit> · · ·<latexit sha1_base64="C/ThE3LO0 bsU2xdfe5suNCnJ9S4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi 8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6Lr fTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4 duZ3nrg2QiUPOEm5H9NhIiLBKFqp3WehQjOo1ty6OwdZJV5BalCgOah+9UPFsp gnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3 RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3 srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuE ZXuHNUc6L8+58LFpLTjFzDH/gfP4ArlePLw==</latexit><latexit sha1_base64="C/ThE3LO0 bsU2xdfe5suNCnJ9S4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi 8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6Lr fTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4 duZ3nrg2QiUPOEm5H9NhIiLBKFqp3WehQjOo1ty6OwdZJV5BalCgOah+9UPFsp gnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3 RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3 srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuE ZXuHNUc6L8+58LFpLTjFzDH/gfP4ArlePLw==</latexit><latexit sha1_base64="C/ThE3LO0 bsU2xdfe5suNCnJ9S4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi 8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6Lr fTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4 duZ3nrg2QiUPOEm5H9NhIiLBKFqp3WehQjOo1ty6OwdZJV5BalCgOah+9UPFsp gnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3 RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3 srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuE ZXuHNUc6L8+58LFpLTjFzDH/gfP4ArlePLw==</latexit><latexit sha1_base64="C/ThE3LO0 bsU2xdfe5suNCnJ9S4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi 8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6Lr fTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4 duZ3nrg2QiUPOEm5H9NhIiLBKFqp3WehQjOo1ty6OwdZJV5BalCgOah+9UPFsp gnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3 RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3 srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuE ZXuHNUc6L8+58LFpLTjFzDH/gfP4ArlePLw==</latexit>
FIG. 3: (a) An example of programmable quantum autoen-
coders with two groups of Nly-layer networks, which compress
the 4-qubit states to 2-qubit states in two stages. (b) The cir-
cuit structure of each layer.
Here the error term ρerr = Eerr(ρ) = ∑iAiρA†i , with∑
iA
†
iAi = IdimH (IN represents the N -dimensional
identity). In other words, there is probability ε ∈ [0, 1]
for the quantum data to be corrupted, which is de-
termined by particular systems. We may define the
infidelity between matrices ρ1, ρ2 as ∆(ρ1, ρ2) = 1 −(
Tr
√√
ρ1ρ2
√
ρ1
)2
. If ρ is pure, we have ∆(ρ, ρ˜) =
ε∆(ρ, ρerr).
Now we show that our detection-based quantum au-
toencoder can detect and dramatically reduce error (cf.
Fig. 1). We begin with applying the encoding unitary
Ue to the noisy quantum state. The compressed state
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FIG. 4: Performance of a detection-based quantum autoen-
coder for W class states with forms of input states unknown,
under (a) local depolarization noise E˜lc(·) and (d) global de-
polarization noise E˜gl(·). We set n = 4.
σ˜ ≡ Ueρ˜ U†e becomes σ˜ = (1− ε)σ + εUeρerrU†e . The key
step is to perform the measurement {ML,MJ} for error
detection. Since σ is in the latent subspace, we have
MLσ˜M
†
L = (1− ε)σ + εMLUeρerrU†eM†L
= (1− ε)σ + εUeρerrs U†e , (4)
where ρerrs ≡ MSρerrM†S and MS ≡ U†eMLUe. As-
suming dimS = dimL, MS can always be rewritten
as MS =
∑dimL
i=1 |Si〉〈Si| for certain |Si〉 ∈ S. There-
fore, ρerrs is the projection of ρ
err to the support sub-
space S. When ε is small, according to Eq. (4), with
a high probability ps = 1 − ε tr (ρerrs ), the states are
projected to the latent subspace L, and become σ′ =
[ps +O(ε
2)]σ+ [ε+O(ε2)]Ueρ
err
s U
†
e . On the other hand,
with a small probability 1 − ps, the states are projected
into J instead. In this case, the errors are detected, and
the corresponding quantum data are discarded. Finally,
the decoding unitary U†e is applied to σ
′ to obtain the
error-mitigated state, ρ′ ≡ U†eσ′Ue, which can be written
as
ρ′ =
[
1− ε tr (ρerrs ) +O(ε2)
]
ρ+
[
ε+O(ε2)
]
ρerrs . (5)
When ρ is pure, the infidelity between ρ′ and ρ becomes
∆ (ρ, ρ′) = εTr(ρerrs )∆(ρ, ρ
err
s /Tr(ρ
err
s )) +O(ε
2). (6)
We note that the detection-based autoencoder can effec-
tively denoise when the noise E˜(·) mainly drives the quan-
tum states out of the support subspace S, i.e. Tr(ρerrs ) is
small. In Supplementary Materials [19], we study, as an
example, the global deoplarization noise: ρerr = E˜gl(ρ) =
1
dimH IdimH, which is commonly adopted in large-scale
superconducting circuits [20, 21]. We have found that
∆(ρ, ρ′), the infidelity for the corrected data, reduces ex-
ponentially with the number of qubits being measured
during the compression, provided ρ is pure.
Applications. One may find applications of
the detection-based quantum autoencoders whenever
4dimS < dimH. Here, we consider an example of n-
qubit W class states which are frequently used to study
entanglement [22] or spin preserving systems [23]:
|ψW〉 = α1|10 · · · 0〉+α2|01 · · · 0〉+ · · ·+αn|00 · · · 1〉, (7)
for which dimH = 2n and dimS = n. We can then
construct a latent subspace L spanned by the bases
{|0 · · · 0 a1a2 · · · am〉}, where ai = 0, 1. Here, m =
dlog2 ne is the minimal number of qubits required to rep-
resent L. The corresponding measurements are ML =
|0〉〈0|⊗n−m⊗ I2m , and MJ = I2n −ML. In fact, ML cor-
responds to the projection of the first (n−m) qubits to
|0〉. The quantum circuit for the entire error-mitigation
process is shown in Fig. 1(b).
We consider two noise models: the global depolariza-
tion noise E˜gl(ρ) mentioned above, and the local depo-
larization noise ρerr = E˜lc(ρ) =
∑n
i=1
∑
µ=x,y,z σ
µ
i ρ σ
µ
i .
Here, σµi = I2i−1 ⊗ σµ ⊗ I2n−i are Pauli X,Y or Z oper-
ators acting on the ith qubit.
As a first verification of our detection-based autoen-
coder, we assume that the input states are known to be
in the form of Eq. (7). It is straightforward to construct
the encoding unitary Ue (cf. [19]). Each data point rep-
resents an average over 1000 runs with different input
states, whose parameters αi are randomly drawn from a
normal distribution N (0, 1) before the state is normal-
ized. For different values of n and noise models, the in-
fidelities of ρ′ are much lower than the uncorrected data
ρ˜. In particular, for global depolarization noise [Fig. 2
(b)], the infidelity for ρ˜ increases with n and converges
to 0.1. For corrected states, however, the infidelity de-
creases exponentially with n, and finally converges to 0.
This trend is consistent with our analysis on the global
depolarization noise in [19].
We then move on to a more complicated scenario that
the form of input states is unknown. We design a pro-
grammable circuit, and minimize the corresponding cost
function Eq. (2). As shown in Fig. 3, the programmable
circuit has a layered structure, which is conceptually sim-
ilar to those presented in [15, 24], but the key difference
is that we have two groups of Nly layers that perform
compression in different stages. Each layer contains a set
of arbitrary single qubit rotations and a global entangling
unitary e−iHτ (we set τ = 1), where
H =
n∑
i=1
∑
µ=x,z
hµi σ
µ
i +
n∑
i=1
n∑
j>i
∑
µ=x,y,z
Jµi,jσ
µ
i σ
µ
j , (8)
and hµi , J
µ
i,j are adjustable parameters. Unlike the previ-
ous example, the dimensionality of the latent space dimL
can only be found by trial and error. Once an appropriate
dimL is found, we perform the compression in two stages
(cf. [19]). Taking n = 4 as an example, we train the first
group of Nly layers to compress the input states to the
subspace spanned by {|0 b1b2b3〉} with bi = 0, 1 (driv-
ing the first qubit to |0〉) in the first stage. In the second
stage, the remaining group of Nly layers further compress
the states to the subspace spanned by {|0 0 a1a2〉} with
ai = 0, 1 (driving the second qubit to |0〉). After the
two stages, the quantum states have been successfully
compressed to a latent subspace with dimL = 4.
In our simulation, we take four n = 4 states corre-
sponding to {α1, α2, α3, α4} = {1, 0, 0, 0} , {0, 1, 0, 0} ,
{0, 0, 1, 0}, and {0, 0, 0, 1} of Eq. (7) as training data,
and the cost function Eq. (2) is evaluated using the av-
eraged results over these four states. The input of the
quantum autoencoder are uncorrected states ρ˜ described
in Eq. (3) under either the local or global depolarization
noise. The parameters of the circuit are trained with gra-
dient descent until convergence. Then the performance
are tested with 1000 quantum states of the form Eq. (7)
with randomly generated αi.
The comparison of infidelities for uncorrected states ρ˜
and corrected states ρ′ is shown in Fig. (4). When ε = 0,
ρ′ still has non-zero infidelities (0.0015 for Nly = 1 and
0.005 for Nly = 5), which is an artifact of the training
procedure. When ε > 0.01, the infidelities for corrected
states are much lower. In particular, for ε = 0.1 and
Nly = 1, the infidelities are reduced by 76% and 77% for
local and global depolarization noises respectively. It is
remarkable to note that a shallow circuit with Nly = 1
is already good enough for error mitigation, and increas-
ing Nly actually does not offer improvements (see [19] for
more details). Our results indicate that the detection-
based quantum autoencoder can learn the optimal com-
pression methods even with noisy input data.
Our protocol with detection-based quantum autoen-
coders is quite general and can be applied to a vari-
ety of problems. More examples with different quantum
data and circuit structures are shown in Supplemental
Materials[19].
Discussion and conclusion. It worths to compare the
error mitigation power of our detection-based quantum
autoencoder and the neural-network-based ones proposed
in [18]. We show in [19] that for arbitrary noise models
and pure quantum data R, the infidelities of the corrected
states always satisfy ∆(ρ, ρ′) 6 ∆(ρ, ρ′nn) +O(ε2), under
reasonable requirement [25]. Here ρ′nn is the output of
neural-network-based quantum autoencoders with lowest
allowed infidelity, and ρ′ is defined in Eq. (5).
Here, we provide an extreme example for which
our detection-based autoencoders can easily remove
all errors, while no improvement is expected from
neural-network-based autoencoders [18]. For R ={|0〉 ⊗ |a1a2 · · · an〉∣∣ai = 0, 1 andn→∞} and ρerr =
|1 · · · 1〉〈1 · · · 1|, the encoding unitary is simply an iden-
tity, and one can verify ∆(ρ, ρ′) = 0 from Eq. (6). For
neural-network-based quantum autoencoders, the best
possible performance is limn→∞∆(ρ, ρ′nn) = ∆(ρ, ρ˜),
where ∆(ρ, ρ′nn) is the average infidelity over all input
states. The reason is that when the errors are the same
for all quantum data, the neural network would simply
treat the errors as part of the data themselves and there-
fore no mitigation is offered. Nonetheless, our detection-
5based method separates the data and errors, which leads
to improvement. This analysis also suggests that the
ability of neural-network-based autoencoders to reduce
systematic noises (whose expectation value is a nonzero
constant for all data) may be seriously compromised,
while detection-based methods would perform well pro-
vided an appropriate unitary separating the data and
noises is found.
Despite being powerful in many problems, our
detection-based quantum autoencoder has its own dis-
advantage: quantum data have a risk to be discarded
if the states are projected to the junk subspace. How-
ever, this happens with a probability εTr(ρerrs ) + O(ε
2),
which is low when ε  1. Further improvement can be
made to the detection-based autoencoder. Firstly, the
junk subspace does not have to be predetermined. The
form of L can alter during training provided that the
dimension is fixed, which may potentially improve the
performance [19]. Secondly, we are using the simplest
gradient-based optimization in finding the parameters
θ, and more sophisticated algorithms such as gradient
decent with momentum[26] and the Adam method [27]
could also accelerate convergence. Other global optimiza-
tion methods, such as simulated annealing [28] and rein-
forcement learning [29–31], can help in preventing con-
finement of the optimization to a poor local minimum.
Finally, the parameters θ are not necessarily the only
subject to be optimized. Optimization can be made on
the circuit structure, for example the numbers of layers,
the forms of elementary gates and how the circuit is con-
nected.
In summary, we have proposed a detection-based quan-
tum autoencoder which can mitigate error without re-
quirement of additional qubits. By compressing the
quantum data to a latent subspace, the error can be de-
tected by projection measurement. We believe that our
protocol is particularly suitable for the quantum infor-
mation processing in the NISQ era, when the number of
controllable qubits is not large while errors remain sig-
nificant.
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Supplementary material
I. CONSTRUCTION OF THE QUANTUM AUTOENCODER
We consider a set of quantum states R with support subspace S. For simplicity, we define N ≡ dimH and
M ≡ dimS. All quantum states ρ ∈ R can be written as
ρ =
M∑
i=1
pi|ψi〉〈ψi|, (S-1)
where |ψi〉 ∈ S. Suppose S is spanned by the orthogonal basis {|s1〉, |s2〉, · · · , |sM 〉}, we define a latent subspace L
with dimL = M , which is spanned by another set of orthogonal basis {|L1〉, |L2〉, · · · , |LM 〉}. We define Ue as
Ue ≡
M∑
i=1
|Li〉〈si|. (S-2)
According to the definition, all |ψi〉 ∈ S can be written as |ψi〉 =
∑M
j=1 αi,j |sj〉 for certain values of αi,j . Defining
|φi〉 ≡ Ue|ψi〉, we find that it can be written as the linear combination of |Li〉, so |φi〉 ∈ L. Therefore, the compressed
state σ = UeρU
†
e can always be written as
σ =
M∑
i=1
pi|φi〉〈φi|, (S-3)
for certain |φi〉 ∈ L. Therefore Ue can be used as the encoding unitary for compression. Because the basis of S is not
unique, Ue is not unique neither.
II. GLOBAL DEPOLARIZATION NOISE
For global depolarization noise, we have E˜(ρ) = 1N IN . For an arbitrary pure state ρ = |ψa〉〈ψa| ∈ R, the uncorrected
quantum states [Eq. (3)] and the corrected ones [Eq. (5)] can be rewritten as
ρ˜ = (1− ε)|ψa〉〈ψa|+ ε 1
N
IN , (S-4)
and
ρ′ =
[
1− εM
N
+O(ε2)
]
|ψa〉〈ψa|+
[
ε+O(ε2)
] 1
N
M∑
i=1
|Si〉〈Si|. (S-5)
So we have
∆(ρ, ρ˜) = 1−
[
(1− ε) + ε
N
〈ψa|IN |ψa〉
]
=
N − 1
N
ε (S-6)
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Supplementary Figure S1: Circuit structure for the single-stage training method.
and similarly,
∆(ρ, ρ′) = 1−
[(
1− M
N
ε
)
+
ε
N
〈ψa|
M∑
i=1
|si〉〈si|ψa〉
]
+O(ε2)
=
M − 1
N
ε+O(ε2). (S-7)
When N  0 and ε 0, we have
∆ (ρ, ρ′)
∆ (ρ, ρ˜)
=
M − 1
N − 1 +O
(
ε2
) ≈M/N. (S-8)
The total number of qubits being measured during compression is at the order of O(logN/M) =
O (log ∆(ρ, ρ˜)/∆(ρ, ρ′)). In other words, the error of the corrected state ρ′ reduces exponentially with the number of
qubits being measured. This is the result quoted in the main text.
III. SUPPLEMENTARY RESULTS FOR W CLASS STATES
In the main text, we train a detection-based quantum autoencoder in two stages (“two-stage method”). In this
section, we address two questions: (1) why the two-stage method is superior than that with a single stage in training;
and (2) why Nly = 1 is optimal.
The circuit structure of a detection-based quantum autoencoder trained in a single stage (“single-stage method”) is
shown in Fig. S1(a), with the structure of each layer identical to the two-stage method [cf. Fig. 3(b) in the main text].
Similar to the two-stage method, the circuit is trained to compress the input data to the latent subspace spanned
by {|0 0 a1a2〉} with ai = 0, 1. In Fig. S2(a), the performances of the single- and two-stage methods are compared.
Obviously, the the two-stage method has a superior performance as it consistently produces lower infidelities without
fluctuation over the parameter ε, while the single-stage method under local depolarization noise spikes at ε = 0.01,
indicating instabilities in the training process. This is because the smaller the subspace is, the more difficult one
can compress the original states into it. Dividing the training process into multiple stages can help to avoid the
optimization getting trapped in a poor local minimum.
We now restrict to the two-stage method and consider the effect of different number of layers. As shown in
Fig. S2(b), the circuit with Nly = 1 has the lowest infidelity, and there is no improvement as Nly increases. We
conjecture that this is because the circuit with Nly = 1 is already sufficient to perform the compression, but as the
number of parameters increase, the cost function is more likely to get trapped in a poor local minima during the
training process. Nevertheless, we believe that for more complicated quantum data with higher dimensionality, more
layers are necessary and one must carefully select the optimal Nly in the detection-based quantum autoencoder.
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Supplementary Figure S2: (a) Comparison of the performances of the two-stage method and the single-stage method. Green
lines represent the single-stage method; red lines represent the two-stage circuit and training process used in the main text.
Dashed lines and circles represent results with the local depolarization noise, dash-dotted lines and triangles represent those
with global depolarization noise. For both methods, we set Nly = 1. (b) Performance versus number of layers Nly. We use the
two-stage method and assume no noise is present (ε = 0).
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Supplementary Figure S3: Performance of well-trained quantum autoencoders for quantum state described in Eq. (S-9) with
(a) local and (d) global depolarization noise.
IV. RESULTS FOR HYDROGEN MOLECULE
In this section we provide another example applying the detection-based quantum autoencoder. In simulation of
quantum chemistry, one typically needs to encode a molecular system, which has N electrons occupying M orbitals
(with M > N), to a simulating qubit system. For example, under the Jordan-Wigner mapping, each qubit of the
simulating system represents an orbital and the state |0〉 (|1〉) represents that the orbital is unoccupied (occupied).
One of the simplest molecular system is the hydrogen molecule (H2) whose quantum state can be described by [S1],
|ψH2〉 = α1|0101〉+ α2|1010〉+ α3|1001〉+ α4|0110〉, (S-9)
with certain values of αi.
We assume that |ψH2〉 can be prepared for arbitrary αi subject to noise. With the same programmable circuit
9structure and training process as in the main text for W class states, we obtain a well-trained quantum autoencoder
for Eq. (S-9). The error-mitigation effect is shown in Fig. S3. For both global and local depolarization noise models,
when ε > 0, the corrected states have much lower infidelities compared to the uncorrected data, demonstrating the
power of our detection-based method.
V. COMPARISON BETWEEN DETECTION-BASED AUTOENCODERS AND
NEURAL-NETWORK-BASED ONES
In this section we compare, in detail, the power in mitigating errors between our detection-based autoencoders and
neural-network-based ones introduced in [S2].
A. Quantum data
We focus on pure states. Given a set of quantum states R, one can always find a total of M linearly independent
states and denote as |ψ1〉, |ψ2〉, · · · , |ψM 〉. The remaining states in R can be denoted as |ψa〉 with a > (M + 1), which
can always be written as the linear combination of |ψa〉 with a 6 M . We denote the support subspace of R as S,
which has dimension dimS = M . The orthogonal bases of S can be obtained by orthogonal decomposition of |ψa〉
with 1 6 a 6M as follows: Firstly, we set |S1〉 = |ψ1〉, and then we set
|Si〉 = |S′i〉/
√
〈S′i|S′i〉, (S-10)
where
|S′i〉 = |ψi〉 −
i−1∑
a=1
|Sa〉〈Sa|ψa〉, (S-11)
for i > 1. Then, {|S1〉, |S2〉, · · · , |SM 〉} forms a set of orthogonal bases of S (note that |ψa〉 ∈ S).
As described in the main text, for a given quantum data ρ = |ψa〉〈ψa|, the deteriorated states can be generally
expressed as
ρ˜ = E(ρ) = (1− ε)ρ+ ερerr, (S-12)
where ρerr is a density matrix representing the noise effect.
B. Quantum neural network (QNN) and neural-network-based autoencoders
In the framework proposed in Ref. [S2, S3], a QNN includes a set of input qubits, hidden layer qubits, and output
qubits. The initial state of the network is ρin⊗ |0〉hid,out〈0|, where ρin is the initial quantum state of the input qubits,
and |0〉hid,out〈0| represents that all the hidden layer qubits and output qubits are initialized as |0〉. According to its
definition, the output of the QNN can generally be described as
ρout ≡ Trin,hid
[
Unn(ρin ⊗ |0〉hid,out〈0|)U†nn
]
, (S-13)
where Unn represents the QNN circuit, and Trin,hid is the partial trace over all input qubits and hidden layer qubits.
Quantum autoencoder is a special type of QNN, whose number of output qubits is identical to the the input qubits [S3].
With noisy input data ρin = ρ˜, one expects the output states ρout = ρ
′
nn as close to the ideal quantum states ρ as
possible.
C. Comparison of the error mitigation power
To facilitate the discussion, we impose the following requirement for ideal states: the corrected state for an error-
free state should also be error-free. This requirement is well-satisfied by most standard error mitigation techniques,
including quantum error correction, dynamical decoupling and decoherence-free subspace. Under this requirement,
we compare the best possible performance of the detection-based and neural-network-based autoencoders. One must
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be cautious that this requirement may not be true in some extraordinary situations. There, one should simply expect
the average fidelities for the corrected states be as high as possible. While a general comparison in these special
scenarios is challenging, we believe that our detection-based autoencoder still shows advantage based on Theorem 1
and an example that does not rely on the aforementioned requirement (explained in Sec. V D).
The requirement mentioned above is already satisfied by our detection-based protocol, and for neural-network-based
autoencoders, it is equivalent to
ρout = Trin,hid
[
Unn(|ψa〉in〈ψa| ⊗ |0〉hid,out〈0|)U†nn
]
= |ψa〉out〈ψa|, (S-14)
for an arbitrary |ψa〉 ∈ R. Here, |ψa〉in〈ψa| and |ψa〉out〈ψa| represent pure states of the input qubits or output qubits
with density matrix |ψa〉〈ψa|.
With uncorrected state ρ˜ corresponding to a quantum data ρ = |ψa〉〈ψa|, we denote the optimal corrected states
of our detection-based and neural-network-based autoencoder as ρ′ and ρ′nn respectively. We find that in most cases
(especially ε is small), the infidelity of ∆(ψa〉〈ψa|, ρ′) is lower than ∆(|ψa〉〈ψa|, ρ′nn), and in the worst-case scenario,
∆(ψa〉〈ψa|, ρ′) is no larger than ∆(|ψa〉〈ψa|, ρ′nn) +O(ε2). More rigorously:
Theorem 1 Given Unn satisfying Eq. (S-14), for an arbitrary |ψa〉 ∈ R, we have ∆(|ψa〉〈ψa|, ρ′) 6 ∆(|ψa〉〈ψa|, ρ′nn)+
O(ε2).
Proof
According to Eq. (S-14), for ideal input states |ψa〉, we have
Unn|ψa〉in ⊗ |0〉hid,out = |φa〉in,hid ⊗ |ψa〉out, (S-15)
for certain quantum states |φa〉in,hid of the input and hidden qubits. Recalling |ψ1〉 = |S1〉, |ψ2〉 = x|S1〉+ y|S2〉 (x,y
being nonzero complex numbers), and Eq. (S-15), we have
Unn|S1〉in ⊗ |0〉hid,out = |φ1〉in,hid ⊗ |S1〉out, (S-16a)
Unn|ψ2〉in ⊗ |0〉hid,out = |φ2〉in,hid ⊗ (x|S1〉+ y|S2〉out), (S-16b)
Unn|ψ2〉in ⊗ |0〉hid,out = x|φ1〉in,hid ⊗ |S1〉out + y Unn|S2〉in ⊗ |0〉hid,out. (S-16c)
Combining Eq. (S-16), we find that Unn|S2〉in⊗|0〉hid,out = |φ2〉in,hid⊗|S2〉in and |φ2〉 = |φ1〉. With the same arguments
for |ψi〉, it can be derived that Unn|Si〉in ⊗ |0〉hid,out = |φi〉in,hid ⊗ |Si〉in and |φi〉 = |φ1〉 for arbitrary i. So we can
define |φ〉 ≡ |φi〉, and have
Unn|Si〉in ⊗ |0〉hid,out = |φ〉in,hid ⊗ |Si〉in. (S-17)
The orthogonal basis of H can be chosen as {|S1〉, |S2〉, · · · , |SM 〉, |T1〉, |T2〉, · · · , |TN−M 〉} for certain |Tj〉 ∈ H sat-
isfying 〈Si|Tj〉 = 0 and 〈Ti|Tj〉 = δi,j . We also denote |Φj〉in,hid,out as the full output quantum states with input
|Tj〉:
|Φj〉in,hid,out ≡ Unn|Tj〉in ⊗ |0〉hid,out. (S-18)
For arbitrary |Tj〉, |Tj′〉 and |Si〉, we have
in,hid,out〈Φj | (|φ〉in,hid ⊗ |Si〉out) = 0, (S-19a)
in,hid,out〈Φj |Φj′〉in,hid,out = δj,j′ . (S-19b)
We separate ρerr into three terms
ρerr = ρerrs + ρ
err
st + ρ
err
t , (S-20)
where ρerrs and ρ
err
t are the projections of ρ
err to S and the space spanned by {|Ti〉}, and ρerrst includes the block
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off-diagonal terms. They can be written as
ρerrs =
M∑
i,i′=1
αi,i′ |Si〉〈Si′ |, (S-21a)
ρerrst =
M∑
i=1
N−M∑
j=1
(
βi,j |Si〉〈Tj |+ β∗i,j |Tj〉〈Si|
)
, (S-21b)
ρerrt =
N−M∑
j,j′=1
γj,j′ |Tj〉〈Tj′ |. (S-21c)
With the input state ρ˜, the full output quantum state of the quantum autoencoder circuit is
Γ˜ ≡ Unn(ρ˜⊗ |0〉hid,out〈0|)U†nn
= (1− ε)|φ〉in,hid〈φ| ⊗ |ψa〉〈ψa|+ εUnn(ρerr ⊗ |0〉in,hid〈0|)U†nn
= (1− ε)|φ〉in,hid〈φ| ⊗ |ψa〉〈ψa|+ ε(Γerrs + Γerrst + Γerrt ), (S-22)
where
Γerrs ≡ Unn(ρerrs ⊗ |0〉hid,out〈0|)U†nn, (S-23a)
Γerrst ≡ Unn(ρerrst ⊗ |0〉hid,out〈0|)U†nn, (S-23b)
Γerrt ≡ Unn(ρerrt ⊗ |0〉hid,out〈0|)U†nn. (S-23c)
According to Eq. (S-17), Γerrs can always be rewritten as Γ
err
s = |φ〉in,hid〈φ| ⊗ ρerrs . Moreover, we have
Γerrst = Unn
 M∑
i=1
N−M∑
j=1
βi,j(|Si〉 ⊗ |0〉hid,out)(〈Tj | ⊗ 〈0|hid,out)
U†nn + H.c.
=
∑
i,j
βi,j(|φ〉in,hid ⊗ |Si〉)(〈Φj |in,hid,out)
+ H.c. (S-24a)
Γerrt = Unn
N−M∑
j,j′=1
γj,j′(|Tj〉 ⊗ |0〉hid,out)(〈Tj′ | ⊗ 〈0|hid,out)
U†nn
=
N−M∑
j,j′=1
γj,j′ |Φj〉in,hid,out〈Φj′ |. (S-24b)
It can then be verified that Γ̂errt ≡ Γerrt /Tr(Γerrt ) is a density matrix.
The final output of the neural-network-based autoencoder is the partial trace of Γ˜ over all input and hidden layer
qubits
ρ′nn ≡ Trin,hid
(
Γ˜
)
= (1− ε)|ψa〉〈ψa|+ ε [ρerrs + Trin,hid (Γerrt ) + Trin,hid (Γerrst )]
= (1− ε)|ψa〉〈ψa|+ ε
[
ρerrs + Tr(Γ
err
t ) · Trin,hid
(
Γ̂errt
)
+ Trin,hid (Γ
err
st )
]
= (1− ε)|ψa〉〈ψa|+ ε
[
Tr(ρerrs ) · ρ̂errs + Tr(Γerrt ) · Trin,hid
(
Γ̂errt
)
+ Trin,hid (Γ
err
st )
]
, (S-25)
where ρ̂errs ≡ ρerrs /Tr (ρerrs ) is a density matrix. According to Eq. (S-19), the last term of Eq. (S-25) can be written as
Trin,hid (Γ
err
st ) =
∑M
i=1
∑N−M
j=1 β
′
i,j |Si〉〈Tj | for certain values of β′i,j , whose trace is zero. Therefore, we have Tr(ρerrs ) +
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Tr(Γerrt ) = 1 and 〈ψ|Trin,hid(Γerrst )|ψ〉 = 0. The infidelity of the final output can be calculated as
∆(|ψa〉〈ψa|, ρ′nn) = 1− 〈ψa|ρ′nn|ψa〉
= ε
[
1− Tr(ρerrs ) · 〈ψa|ρ̂errs |ψa〉 − Tr(Γerrt ) · 〈ψa|Trin,hid
(
Γ̂errt
)
|ψa〉
]
. (S-26)
Because Γ̂errt is a density matrix, we have 〈ψa|Trin,hid
(
Γ̂errt
)
|ψa〉 6 1. So we have
∆(|ψ〉〈ψ|, ρ′nn) > ε [1− Tr(ρerrs ) · 〈ψa|ρ̂errs |ψa〉 − Tr(Γerrt )] (S-27a)
= ε [1− Tr(ρerrs ) · 〈ψa|ρ̂errs |ψa〉 − (1− Tr(ρerrs ))] (S-27b)
= εTr(ρerrs ) [1− 〈ψa|ρ̂errs |ψa〉] (S-27c)
= εTr(ρerrs )∆(|ψa〉〈ψa|, ρ̂errs ). (S-27d)
On the other hand, for our error-detection-based protocol, the corrected state is
ρ′ =
(1− ε)|φa〉〈φa|+ ερerrs
1− ε+ εTr(ρerrs )
=
[
1− εTr(ρerrs ) +O(ε2)
] |φa〉〈φa|+ [ε+O(ε2)] ρerrs , (S-28)
and the corresponding infidelity is
∆ (|φa〉〈φa|, ρ′) = εTr(ρerrs )∆(|ψa〉〈ψa|, ρ̂errs ) +O(ε2). (S-29)
Therefore, we have ∆(|ψa〉〈ψa|, ρ′) 6 ∆(|ψa〉〈ψa|, ρ′nn) +O(ε2).
D. An extreme example
Here, we provide more details on the extreme example quoted in the Discussion of the main text demonstrating
that certain errors that the neural-network-based autoencoders would fail to eliminate can be fully removed by our
detection-based protocol.
The quantum data we consider is a set of pure qubit states in the following form
R =
{|0〉 ⊗ |a1a2 · · · an〉∣∣ai = 0, 1 andn→∞} , (S-30)
and the noisy uncorrected state is
ρ˜ = E(ρ) = (1− ε)ρ+ ε|1 · · · 1〉〈1 · · · 1|. (S-31)
The support subspace of R is simply spanned by all its elements. It can be easily verified that in our detection-based
autoencoder, the ideal encoding unitary is nothing but an identity operator Ue = I2n+1 , and the detection at the first
qubit with output |1〉 can eliminate all error terms. So we have ρ′ = |ψa〉〈ψa| and therefore
∆(|ψa〉〈ψa|, ρ′) = 0 (S-32)
for all |ψa〉 ∈ R.
In the neural-network-based autoencoder, however, we have ρ′nn = Trin,hid
(
Unnρ˜⊗ |0〉hid,out〈0|U†nn
)
= (1−ε)ρidealout +
ερerrout where ρ
ideal
out = Trin,hid
(
Unnρ⊗ |0〉hid,out〈0|U†nn
)
and ρerrout = Trin,hid
(
Unn|1 · · · 1〉〈1 · · · 1| ⊗ |0〉hid,out〈0|U†nn
)
. Note
that ρerrout is a constant density matrix for arbitrary input, and the average fidelity (over all states in R) between it
and |ψa〉 is 〈ψa|ρerrout|ψa〉 = limn→0 12n = 0. Therefore, the average infidelity over all |ψa〉 ∈ R is
∆(|ψa〉〈ψa|, ρ′nn) = 1− 〈ψa|(1− ε)ρidealout |ψa〉 > ε. (S-33)
Because ∆(|ψa〉〈ψa|, ρ˜) = ε, Eq. (S-33) implies that the neural-network-based autoencoder cannot offer any improve-
ment. Note that the result in Eq. (S-33) does not depend on the the requirement stated in the beginning of Sec. V C,
i.e. Eq. (S-14).
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Supplementary Figure S4: Comparison of the training process with cost function Eq. (S-35) and Eq. (2), which are represented
with solid lines and dashed lines respectively. The y-axis represents the cost function Cp(θ). (a) The first stage of the two-stage
training method. (b) The single-stage training method. Different colors represent different initial guess of θ.
VI. OPTIMIZATION BASED ON PURITY
As mentioned in Discussion of the main text, instead of determining the form of L a priori, one may just fix the
dimension of L and allow its form to change with training. In our original protocol, the circuit is trained to project
all (n−m) qubits to state |0〉, representing the projection to the latent subspace. In fact, up to a local unitary, this
is equivalent to projecting them to any disentangled pure states. So we may change the cost function [Eq. (2)] to a
form relating to the purity and entanglement of the (n−m)-qubit system. Take the two-stage method for n = 4 W
class states as an example, in the first stage, the cost function can be changed to the purity of the first qubit:
Cp(θ) = 1− Tr
[
Tr2,3,4 [σ(θ)]
2
]
, (S-34)
where Tr2,3,4 represents the partial trace over the 2nd, 3rd and 4th qubits. In case Cp(θ) is minimized to zero, the
first qubit can be transferred to state |0〉 with a single qubit unitary. Note that the training process in the second
stage can be similar. For the one-stage method, the four-qubit states are compressed to two-qubit states directly. To
maximize the purity and minimize the entanglement of the discarded qubits, we define the cost function as one minus
the average purity of the first and second qubit
Cp(θ) = 1− 1
2
Tr
[
Tr1,3,4 [σ(θ)]
2
]
− 1
2
Tr
[
Tr2,3,4 [σ(θ)]
2
]
. (S-35)
In Fig. S4, we compare the optimization process with the cost function C(θ) defined in Eq. (2) and Cp(θ) with the
same initial guess of θ. In most cases, the optimization with Cp(θ) converges faster and ends up with higher final
purity. Therefore, we believe that this method can help improving the training performance in future studies.
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